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Abstract This article examines the effective flexural
modulus of a multilayered micro-system evolving into
alternative layered structures consisting of three dissimilar materials. A multiscale model of the bending
stiffness is presented to capture the impact of changing
the constituent materials, the layer architecture and the
cross-section geometry. The results are plotted onto
maps to show the existence of specific domains, within
which fall the effective properties of all possible trimaterial multilayered configurations. The potential to
stiffen a bi-material system is demonstrated by integrating additional layers of a more flexible material for
given constraints on the volume fraction. The proposed
scheme is conducive to contrast structural alternatives
in constrained and unconstrained design. A case study
shows how the maps enable optimum selection among
various design concepts, which may range from
monolithic materials with alternative shape geometries
to systems consisting of two and three materials
arranged in dissimilar multiple layer architectures.
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Notations
A
Cross sectional area
B
Width (m)
b
Internal width (m)
c
Dimensionless multiplicator of
cross-section internal width (c = b/B)
c1
Beam curvature
d
Dimensionless multiplicator of
cross-section internal height (d = h/H)
D
Rectangular cross-section envelope
E
Young’s modulus (GPa)
ED, qD Effective of properties of prismatic
beam
ET, qT Effective of properties of shaped beam
h
Internal height (m)
H
Height (m)
I
Second moment of area (m4)
JT
Cross-section torsional constant (m4)
l
Beam length (m)
Mb
Bending moment per unit width
m
Mass (mg)
n
Exponent of Lame’ curves
p
Performance index
q
Scaling parameter of performance index
rg
Radius of gyration (m)
u, v
Envelope multiplicators
S
Shape
V
Volume (m3)
q
Material density (mg/m3)
k
Envelope efficiency parameter
w
Shape transformer
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1 Introduction
Compared to monolithic materials, multilayered
shaped structures have the potential to boost the
performance of the next generation of micro-devices.
The physical properties of these composites can be
tailored to obtain optimized mechanical performance,
often unachievable with the use of a single material. As
monolithic structures, multilayered systems can work
as transducers and, thus, be used in a large number of
applications. For example, they are able to sense
voltage, measure force and acceleration, move and
control mechanisms, detect variations in current,
pressure, temperature and other physical properties
(Gad-el-Hak 2002; Senturia 2001; de Silva 2007).
Such capacities of sensing and actuation can be
exploited in biotechnology (Wang and Soper 2006),
telecommunication and aerospace control (Gadel-Hak 2002; Senturia 2001; de Silva 2007), for the
design of gyroscope (Degani et al. 1998; Hong et al.
2000) and wireless antenna (Nguyen et al. 1998;
Nguyen 2004; Sova and Bogdan 2003), micromechanical mixer-filters (Nguyen 1999; Wong and Nguyen
2004; Nguyen 1995), radio transmitters and receivers
(Galayko et al. 2005; Huang et al. 2002), Atomic
Force Microscope probes (Sader 1998; Serre et al.
1999) and piezoelectric biosensors (Rasmussen et al.
2003; Jennifer et al. 2004; Taka et al. 1993; Lange
et al. 2002; Thaysen et al. 2002; Cheggour et al. 2005;
Marie et al. 2002; Khaled et al. 2003; Yue et al. 2004).
Whereas in the past the design of micro-devices
was confined to a single material, mainly Silicon, and
to simple geometries, generally prismatic, recent
advances in micromachining technology enable the
manufacture of optimized micro-structures consisting
of multimaterials shaped in more efficient geometries
(Lin 2004a, b; Ferguson et al. 2005; Sandberg et al.
2005a, b, c; Mertens et al. 2003). For instance,
multimaterial structures can be machined into complex shapes by using non-contact processes, e.g. laser
technology, which can directly etch away unwanted
material with high precision.
The sensitivity to bending motion generally plays
a crucial role in the functioning of a micro-beam. It is
governed by the flexural modulus and for some
applications it is one of the most important properties.
For example, the bending stiffness is essential in a
range of applications that require the transducer to
comply to a prescribed deformation, to actuate force,
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to store elastic energy, as well as to vibrate at a
certain frequency (Huber et al. 1997; Melamud et al.
2006; Shieh et al. 2001; Spearing 2000; Vengallatore
and Spearing 2003).
Both materials and geometry have a strong impact
on the bending stiffness as well as on other mechanical properties, e.g. ductility, damping and strength,
of a multi-laminate structure consisting of different
materials. The effective properties depend on the
material attributes of each layer, and on the geometry,
which is governed by variables describing form and
length of the element, shape and size of the crosssection, number and stacking sequence of the layers
as well as their configuration (Ashby 1993a; Pasini
2006; Smith and Partbridge 1999; Pasini et al. 2003).
The geometric variables combined with the material
properties specify the building blocks of a structural
concept and, thus, strongly impact the functioning of
a micro-device (Cox 1965; Shanley 1960; Caldwell
and Woodhead 1973; Parkhouse 1984; Ashby 1991,
1993b, 1999; Pasini 2006b).
In different areas of applied mechanics it has been
demonstrated that optimizing the performance of a
structural concept requires a simultaneous selection
of the variables pertaining to its geometry and
materials. Different models have been proposed in
the past to ease the search for the best concept of a
given application. However, such methods can only
model certain geometric variables at one scale (Pasini
et al. 2003; Cox 1965; Shanley 1960; Caldwell and
Woodhead 1973; Parkhouse 1984; Ashby 1991,
1993b, 1999; Pasini 2006; Rakshit and Ananthasuresh 2008). This article proposes a multiscale
scheme for simultaneous selection of constituent
materials, layers arrangement, and cross-section
geometry in constrained and unconstrained beam
design. The geometry is considered at two scale
levels. At a lower level of the layer architecture, the
variables describing the geometry are those related to
the way laminates are nested or stacked in series, to
the symmetry and number of layers, as well as the
volume fraction of each material,. At a higher level,
the variables are those that capture relative changes in
the cross-section geometry, e.g. size, shape and
symmetry. The method is used to develop design
maps that are conducive to the selection of structural
alternatives for a given bending stiffness requirement.
In Sect. 2, this article illustrates the evolution
of a generic three-material system into different
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multilayered architectures. Section 3 describes the
method used to characterize the structural geometry
at two scales of the structural hierarchy. In Sect. 4,
the flexural modulus of a generic multilaminate is
formulated as a function of material attributes, layer
arrangement and cross-section geometry. The results
are visualized in Sect. 5 on maps that illustrates
minimum and maximum bounds of the stiffness
domain. A case study closing the paper shows the use
of the charts for co-selecting structural and material
variables in constrained and unconstrained design.

2 The evolution of multilayered systems
consisting of three materials
A recent study on the vibration response of a
multilayered microresonator has demonstrated that
for a bi-material system the flexural modulus of all
possible layers configurations is bounded by two
curves (Pasini 2006a). The lower represents three
symmetric vertically scaled layers with a low
Young’s modulus core. The upper one describes the
same layer configuration but with the stiffer material
in the middle. All the other bi-material configurations
evolving in multiple symmetric or asymmetric layers,
such as those consisting of five, seven, nine, and even
more laminates, fall into the stiffness domain.
Starting from this result, this article examines a trimaterial laminated micro-structure evolving from a
bi-material system. Examples of the system evolutions considered in this article are shown in Fig. 1.
The purpose here is to explore how the flexural
modulus changes when a third dissimilar material of
increasing thickness is integrated into the bi-material
structure with respect to given constraints on its
volume fraction.
The structural concepts shown in Fig. 1 are governed by the way in which layers are scaled with
respect to each other within the envelope, regardless
of their number, symmetry and thickness. Such
concepts are pertinent to micro-structural design
because of their practical use, manufacturability, and
potential performance. In Fig. 1, the concepts are
grouped into three classes identified by the relative
scaling of the layers, namely vertically, proportionally, and horizontally scaled layers. Within each class,
we focus on the system evolutions that respect two
constraints applied to the volume fraction of the

constituents. In the first scenario, a constraint is
imposed on the volume fraction of the external
material, which, as a result, remains fixed. Here, it is
the volume fraction of the third material that increases
by thickening the layer either in the middle (Fig. 1a)
or at the interface with the first material (b). The
bi-material M1–M2 evolves in a tri-material composite
(1–2–3) until M2 vanishes and is replaced by M3. The
second scenario, on the other hand, involves constraining the volume fraction ratio of M1 and M2 such
that V1/V2 = const. In this case, the bi-material
evolves into a three-material system, following either
pattern (c) or (d) until the final configuration, in which
the system has become monolithic.
Likewise, the same evolutions a) to d) can be
applied to the other two layer architectures of Fig. 1,
although displayed are only those corresponding to
(a) and (c), where M2 is in the middle.

3 Modelling geometric properties
This section describes the scheme that will be used to
model the flexural modulus and the density (Pasini
2006a, b). The method is based on a shape classification that allows the structural variables to be
identified at both the levels of the cross-section and
the material layers.
3.1 Classifying shapes
Although theoretical, shape families and their classes
can help contrast structural candidates at the concept
stage. Here, the term family describes a shape concept
for the cross-section regardless of its size, such as the
rectangular or circular cross-sections. Within a family, fall all the solid shapes with same contour as well
as their derived hollow shapes, where the internal
contour is described by the same function as the
external contour, as illustrated in Fig. 2a. Shapes of a
family can then be categorized into classes. The term
class refers to the layer architecture, which involves
the way layers are scaled with respect to each other
within a given cross-section, as shown in Fig. 1.
The general expression of the superellipses,
described by the Lame’ curves is used to describe
the shape contour defining a family. The implicit
form of the Lame’ curves with positive radii B/2 and
H/2 and n any rational number is given by
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Class

Constraint

System Evolution
M1

a)

M3
M2

V1

const

b)

Vertically
scaled layers

c)

V1
V2

const

d)

V1

const

V1
V2

const

V1

const

V1
V2

const

e)

Proportionally
scaled layers

f)

g)

Horizontally
scaled layers

h)

Fig. 1 Evolution of a bi-material system into alternative three-material systems
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Fig. 2 a Cross-sections of
the rectangular and ellipse
families; b Superelliptical
shapes governed by the
power n of the Lame’
curves

y

n→∞
Envelope, D

H

h

x

H

b

n<1
B

n=1
Shape, S

n=2
n=5/2
B

(b)

(a)

 

 x n  y n

 þ

B=2 H=2 ¼ 1

ð1Þ

Figure 2b shows Lame’ curves plotted for different
values of n. These are smooth profiles whose form is
determined by the exponent n. Although nine types of
Lame’ curves can be defined, here we consider only the
subset of Lame’ curves, where n is a positive integer. In
this case, when n = 2, Eq. (1) represents an ellipse,
whereas for n [ 2, the curve becomes a superellipse
until it is a rectangle for n ? ?. If n \ 2, we obtain
hypoellipses with sharp corners at the x and y axes.
In this work, the power n of the Lame’ curves is
used to sort shapes into families regardless of shape
size. With respect to n, an infinite number of shape
families can be obtained. Some of them are shapes for
which we have proper names, such as the ellipse
family for n = 2, the diamond family for n = 1, as
well as the rectangle family for n ? ? (Table 1).
Others are not associated with a definite name but are
still families identified by the specific power of their
defining superellipse. Besides solid shapes, hollow
shapes fall into a family if the internal and the
external contours are governed by the same power n
of the Lame’ curves. The internal layers may either
be filled with materials or be empty.
The architecture of the internal layers permits the
shapes of a family to be categorized into three
classes, as shown in Fig. 1. Classes can be applied to
any family and to create them we use the scaling
relation between the internal layers and the external
contour. Three scaling modes are considered here,
one for each class. In the first one fall all the shapes
with the same relative vertical scaling between the

internal and external contours. To the second belong
shapes which have proportionally scaled layers. The
third class emerges when a horizontal scaling governs
the layer architecture.
3.2 Geometric parameters
Since cross-sections may differ for their size and
shape, we introduce parameters that can capture
relative changes of size independently on those of
shape. To describe the former, which involves crosssection scaling, we introduce a real entity, referred as
the envelope D. This is specified by the rectangle of
equal dimension of its cross-section size (Fig. 2a).
The latter, on the other hand, describes the crosssection contour, S, enclosed in D, and it is characterized by dimensionless properties, named shape
transformers.
3.2.1 Scaling
The scaling relations of a generic envelope (B, H)
relative to a reference solid rectangle (Bo and Ho) can
be simply defined by two linear multiplicators u ¼
B
b
H
h
Bo ¼ B and v ¼ Ho ¼ H , where b and h are the
internal dimensions of a hollow cross-section
(Tables 1 and 2).
3.2.2 Shape properties
The shape properties of the figure enclosed in D can be
described by dimensionless shape transformers. These
are defined by normalizing a geometric quantity, g, of
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Table 1 Shape transformers for double symmetry axes shape families (c = b/B, d = h/H)
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Table 2 Shape transformers for families with single symmetry axis shape wA ¼ b1 ½1  cd 
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4
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a cross-section by the same geometric quantity, gD, of
its solid rectangular envelope as:
wg ¼

g
gD

ð2Þ

For example, relation (2) can be used to express
respectively the shape properties of the area, the
second moment of area about the x axis, and the
torsional constant, as
8
A
>
>
w ¼
>
> A AD
>
>
<
Ixx
ð3Þ
wIxx ¼
>
ID
>
>
>
>
J
>
: wJT ¼ T
JTD
Tables 1 and 2 give the expressions of the shape
transformers for three families for double axis and
single axis symmetry shapes respectively. wA and wI
play a similar role as the material properties, since
they are independent of size changes. In addition
alike materials, shape families and classes exhibit
properties that fall into a particular range, whose
values vary with respect to the amount of area filling
the shape. For monolithic system when the material
completely saturates the shape, wg assumes the upper
bound of the range; whereas for hollow shapes, wg
decreases with respect to the filling material until
reaching the lower bound, which corresponds to an
empty shape. It is noted that, although theoretical,
shape classes can be identified for each shape family,
as shown in Figs. 3 and 4.
For monolithic, uniform and isotropic materials,
the ratio kI = wI/wA provides a measure of the

Fig. 3 Range of shape
transformers for the three
shape classes of each family

geometric contribution a shape can provide to the
flexural stiffness of a cross-section, regardless of its
size. The higher the value of kI, the stiffer in bending
as well as lighter the shape is. The ranges of such
shape potential are shown in Figs. 3 and 4. However,
these are theoretical values which do not consider
manufacturing constraints, shear and buckling failure
requirements. Nevertheless, they are helpful for
preliminary comparisons of structural concepts.
Shape transformers and envelope multiplicators
allow to re-formulate the equations of mechanics in
terms of four factors as F. M. wg. gD where F
describes the functional requirements, M the material
properties, wg and gD the cross-section geometry
decoupled respectively in shape and size (Pasini
2006a, b; Pasini et al. 2003). When possible, such a
formulation permits the co-selection of material and
shape in constrained and unconstrained design. This
rationale is applied in the following sections to
examine the flexural modulus of a three-material
multilayered system.

4 Flexural modulus of a three materials
multilayered micro-system
To characterize the flexural modulus of a threematerial system, we consider the material properties
of the layers, the shape and the size of the crosssection, the architecture and the number of the layers
as design variables. The model presented here is
based on the Classic Laminated Plate Theory
(CLPT), which assumes the resulting strain and
curvatures are uniform throughout the layers. Since

3.00
2.50

ψ
λI = I
ψA

2.00
1.50
1.00
0.50
0
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Fig. 4 Range of shape
transformers for shape
classes

1.25

1.14

1.00
0.75

0.84
2/3

0.50
0.25

0.35

0

micro-systems are integrated composite structures
where materials can be processed by using different
techniques, it is essential to consider the issues of
layer adhesion and the mechanisms that develop
intrinsic and thermo-mechanical stresses. Depending
on the manufacturing process, the interfaces and their
properties certainly impact the effective mechanical
response of the system. As in previous works
(Ferguson et al. 2005; Sandberg et al. 2005a, b, c;
Pasini 2006a), the model presented here is based on
the assumption that there is a perfect bonding
between each layer. Although this hypothesis is too
unrefined for the detailed stage of design, it still fits
the purpose of a preliminary selection of the constituent materials since it allows find limiting ideal
bounds of the effective properties. Further work is
required to include the effects of the interfacial
stresses on the design maps presented in this article.
Besides this assumption, the strain at the interface
between materials is also assumed to remain
unchanged. Bending strain is assumed to vary
linearly along all the layers with no discontinuity.
The stress, on the other hand, is continuous only
within each layer, but it is discontinuous at the layer
transition, since each material has its own moduli.
These simplifications are ideal and can be accepted at
a preliminary stage of design. In reality, the production process used to multilayer the micro-structure
creates non-planarity between layers. Interatomic
interactions, ledges, dislocations and other interface
characteristics affect the degree of interfacial adhesion between layers. An interfacial surface is usually
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introduced to characterize the effects of interfaces in
thin layers (Spaepen 2000; Yang et al. 2002).
Another assumption concerns the micro-structure
size, which should be greater than 1 lm to satisfy
the laws of continuum mechanics. Therefore, in this
article we limit ourselves to the case of microstructure of at least 1 lm size and slenderness aspect ratio
in the range 1:10–1:20. Furthermore, the microbeam
has a uniform cross section along its axis, is loaded in
its plane of symmetry and undergoes only small
deformation satisfying the Euler–Bernoulli theory.
Length and boundary conditions are prescribed. We
consider the stiffness to mass ratio as a criterion to
contrast micro-beam concepts. For the material
properties, we assume conservative values, which
are represented by the bulk homogeneous isotropic
attributes (Vengallatore and Spearing 2003; Pasini
2006a). These assumptions, extensively used especially in literature for vibration analysis, were verified
to yield results that do not diverge more than 3% from
experimental measures (Wang and Soper 2006;
Degani et al. 1998; Hong et al. 2000; Nguyen et al.
1998; Nguyen 2004; Lin 2004a, b; Ferguson et al.
2005; Sandberg et al. 2005a, b, c; Mertens et al. 2003;
Melamud et al. 2006; Wang et al. 2000).
We examine first the variables at the level of the
layer architecture before moving to the cross-section
geometry. For this purpose, the beam is assumed
prismatic with dimensions B, H and l, and a crosssection reference of properties wA = wI = 1
(Table 1). The beam subjected to a pure bending
moment MB per unit width may consist of multiple
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material layers arranged with respect to the shape
classes. The flexural stiffness and unit mass of the
system can be simplified as follows
MB
¼ wI ID ED ¼ ID ED
c1
m
¼ wA AD qD ¼ AD qD
l

ð4Þ
ð5Þ

where c1 is the curvature of the prismatic beam.
¼ ED and AmD l ¼ qD are respectively the effective properties, flexural modulus and density, of the
beam. To express them as a function f() of the layer
geometry, Lg, and their materials, we assign to the ith
layer, where i = 1,2,…k, Young’s Modulus and
density Ei and qi, respectively, and second moment
of area and area Ii and Ai. Then, we express the
geometry of the layer architecture in terms of the
shape transformers of each layer, wAi and wIi, and
write the effective properties of the system as
R 2
k
k
k
X
yi dA X
Ii X
ED ¼
Ei ¼
E i Ai
¼
Ei wIi
ð6Þ
ID i¼1
ID
i¼1
i¼1
|ﬄﬄﬄﬄ
ﬄ{zﬄﬄﬄﬄﬄ}
MB
I D c1

f ðLg Þ

qD ¼

k
X
i¼1

Ai

Ai
¼
AD

k
X

ð7Þ

qi wAi

i¼1

|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
f ðLg Þ

Having modelled the properties at the level of the
layers, the focus is now on the next level of the
structural hierarchy, i.e. the cross-section geometry.
We consider a beam of generic cross-section shape, S,
which can have either a double axis or single axis
symmetry, as shown in Tables 1 and 2. The transformed flexural modulus and density can be obtained
by rearranging expressions (4) and (5), and by
applying wA = 1 and wI = 1 to their respective
properties of the envelope, ED and qD, as
ET ¼

k
X
MB
¼
w
E
¼
w
Ei wIi
I D
I
|{z}
c1 ID2
i¼1
S |ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}

ð8Þ

f ðLg Þ

qT ¼

k
X
m
¼ wA qD ¼ wA
qw
2
|{z} i¼1 i Ai
lAD
S |ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}

ð9Þ

f ðLg Þ

The above effective properties can capture the
multiscale effect of changing the variables at

different levels of the structural hierarchy. The
relations give design freedom to chose concurrently
the basic materials from the bulk material list, the
layer architecture f(Lg) from the shape classes, which
are assumed to guarantee the perfect bond of the
layers, and the cross-section shape S from the shape
families. In addition, the normalized model allows
variable selection without the need of knowing the
spring constant, which is a requirement prescribed by
the problem. Section 6 presents a case study illustrating the impact of changing simultaneously the
variables at both the levels of the cross-section
geometry and of the layer architecture.
The ratio of Eqs. (8) and (9) is a metric relevant to
the design of a resonating beam, because it is
representative of the capacity of storing energy, of
the resonance frequency and, to the first order, of the
actuation speed. If besides length and boundary
conditions, also the sizes of the micro-beam are
prescribed, then the ratio p of relations (8) and (9)
simplify to:
p¼

ET
ED
¼ kI
qT
qD

ð10Þ

For a prescribed envelope, the higher the value of
p, the higher the vibration frequency, the better the
capacity to store elastic energy, and the stiffer as well
lighter is the beam. On the other hand, when the
cross-section is free to be scaled and the designer
chooses to scale the envelope in a particular direction,
then p can be expressed by the general form:

p¼

ETq
¼
qT


q
k
P
wI
Ei wIi
wA

i¼1
k
P

ð11Þ
qi wAi

i¼1

where q = ln uv/ln uv3 is the scaling parameter
which assumes values ranging from -? to ??
(Pasini 2006b). As a function of u and v, q is
governed by the direction along which a cross-section
can be scaled. Reasons for selecting a given direction
of scaling have been explored in material design
(Pasini et al. 2003; Pasini 2006b). In general, a
designer has to either respect applied geometric
constraints or choose a direction that maximizes
certain performance criteria for a given load.
Three types of geometric scaling constraints are
considered here for their frequent use in structural
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design. The first occurs when the envelope is
subjected to a height constraint, which entails horizontal scaling, described by v = 1. The second one is
proportional scaling, where u = v, usually applied in
an unconstrained design space where all dimensions
can be uniformly scaled. Finally, u = 1 describes a
vertical direction of scaling, usually enforced to
constraint the width. In these three cases, the scaling
parameter becomes a constant, regardless of materials, shape attributes and layer architecture. Thus,
relation (11) can be simplified to:
p¼k

ED
for horizontal scaling
qD

ð12Þ

1=2

p¼

ð w I ED Þ
wA qD

p¼

ðwI ED Þ1=3
for vertical scaling
wA qD

for proportional scaling

ð14Þ

ð15Þ

When the direction of scaling is set a priori, then
the parameter q is known and expressions (12), (13)
and (14), rearranged as in (15) can be plotted on maps
for the co-selection of material, cross-section geometry and layer architecture. This is shown in the next
sections.

5 Maps characterizing the effective flexural
modulus and density of a multilayered system
In expression (11), the variables capture structural
characteristics at three levels of the structural hierarchy: material, layer architecture and cross-section
geometry. The effective flexural modulus and density
of a multilaminated structure C can be illustrated on a
map of qT vs. ET by the coordinates C ðqT ; ET Þ. The
property ratio ET /q is the slope of the line passing
through C and the origin of the plot. The greater the
slope, the higher the performance.
The maps presented in this work assist the
preliminary stage of microstructure design. The
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Material

E (GPa)

SiC

400

q (mg/m-3)
3.2

Si

160

2.3

ZrO2

110

6.5

Si3N4

185

3.5

GaAs

82

5.2

Ag

92

10.2

Quartz

110

2.65

Ti

120

4.5

Ni

200

8

Quartz

110

7.5

Cu

120

8.9

ð13Þ

Rearranging and taking the log of Eq. (11) leads
to plot selection guidelines for a given scaling
direction. From (11), the general expression of an
iso-performance line is given by:
1
1
log ET wI ¼ log qT wA þ log p
q
q

Table 3 Material properties of candidate structures (Sharpe
2001)

materials attributes plotted in the charts are the bulk
density and Young’s Modulus. Extensive experimental
measurements showed that nominal bulk material
properties (Table 3) can be used at the early design
stage as conservative figures in place of the real microstructural material properties (Sharpe 2001). If expressions (8) and (9) with data from Tables 1, 2 and 3 are
plotted, then the system evolutions shown in Fig. 1 can
be examined. Figure 5a, b represent the properties of a
rectangular multilayered system for a given scenario.
Each of them is determined by the relative values of
three constituent materials M1 (q1, E1), M2 (q2, E2) and
M3 (q3, E3).
•

The first scenario is depicted in Fig. 5a and it
emerges when M2 has properties falling outside the
area defined by curve v3 and v4 of the bi-material
M1–M3. In this case, the overall domain consists of
five sub-domains and it contains all the possible
configurations based on the three materials
arranged in multiple layers either symmetrically
or asymmetrically about the envelope axes.
Domains I, II, and III refer to the bi-material
systems, namely M1–M2, M2–M3, M1–M3; they
describe sandwich concepts, which have been
demonstrated to have specific property bounds.
Within them, there exist all the possible bi-material
systems containing two, three, five, seven and
multiple layers arranged either symmetrically or
asymmetrically about the envelope mid-plane
(Pasini 2006a). Domain IV describes properties
that can be achieved by either the bi-material
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Fig. 5 a The five sub
domains for a three material
system with E3 \ E2 \ E1
and q2 \ q3 \ q1. M1
(q1 = 20, E1 = 160), and
M2 (q2 = 7 mg/m3,
E2 = 115 GPa), and M3
(q3 = 12, E3 = 80). Dashdot lines for proportionally
scaled layers class, dot lines
for horizontally scaled
layers, continuous lines for
vertically scaled layers.
b The three sub domains of
a three material system with
E3 \ E2 \ E1 and
q3 \ q2 \ q1. M1 (q1 = 20,
E1 = 160), M2 (q2 = 12,
E2 = 115) and M3 (q3 = 7,
E3 = 80). Hidden lines for
vertically scaled layers of
the bi-material M2–M3 and
M1–M2 systems; continuous
lines for vertically scaled
layers of the bi-material
M1–M3 system
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systems M1–M2 and M1–M3 or the tri-material
system M1–M2–M3. Domain V, on the other hand,
pertains to systems necessarily composed of three
materials, i.e. all three constituents are to be
integrated. Within the sub-domains, different linestyles are used to differentiate among shape
classes, as shown for the bi-material M2–M3.

•

ρ T ( Mg / m 3 )

The second scenario occurs when (q2, E2) falls
within the bi-material domain M1–M3. As shown in
Fig. 5b, three sub-domains emerge. In contrast to
the previous scenario, this time the overall domain
is bounded by the limiting curves of the bi-material
domain M1–M3, curves v3 and v4. A region similar
to sub-domain V in Fig. 5a does not appear in
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Fig. 5b. Thus, adding a third material does not
have the effect of expanding the tri-material
properties space. Rather the overlapping regions
illustrate that alternative concepts are equivalent in
performance. This means that the properties of all
the possible tri-material system can also be
achieved by at least one of the other three
bi-materials. The outcome is relevant to microstructure design when material availability, manufacturing issues and cost are to be considered.
5.1 Maps for systems with vertically scaled
layers
In this section, we look closer at the class of the
vertically scaled layers and examine the evolutions
depicted in Fig. 1 from a to d. The first two are
governed by the constraint V1 = const; the others by
V1/V2 = const.
As an example, we initially choose a bi-material
M1–M2 with a M2 volume fraction of 16%, as illustrate
by point A in Fig. 6a. When a third material layer M3
of Young’s modulus lower than the other two, i.e.
E3 \ E2 \ E1, of increasing thickness are added as a
middle layer (Fig. 1a), while V2 is constrained to 16%,
a progressive reduction of both the total density and
stiffness is obtained. This is shown by the downward
arrow on the upper curve A–B, which is governed by a
cubic relation. However, although the effective properties reduce, the integration of a lower Young’s
modulus material increases the overall performance
ET/qT. The performance continues to improve until
the three-material reaches point B, where M3 replaces
M2 and the system has become a bi-material containing 74% of M3. Similar reasoning applies to describe
the flexural modulus of the evolution shown in
Fig. 1b. Stiffer M3 layers are added in the middle of
the configuration shown by B. This time a corresponding change in the volume fraction of the
respective materials transforms the properties from
B to A, following upward the lower curve.
The second constraint imposes the volume fraction
V1/V2 of the inner material layers to be constant
during the system evolution. As an example, the
starting bi-material system in Fig. 1c is chosen to
have V1/V2 = 55% and its flexural modulus is
illustrated by point C. When an increasing thickness
layer of a softer material M3 is added in the middle,
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the system then evolves progressively until the
volume fraction of M1 and M2 reaches zero, i.e.
point D. Here, the system is monolithic and its
flexural modulus consists a 100% of M3. The flexural
modulus, which describes the system evolution for
progressive changes of volume fraction of the
respective materials, is shown by the upper curve
CD in Fig. 6b. This concept is particular because
during evolution the constraint V1/V2 = const has the
effect of stiffening the system although a softer
material is integrated. The maximum bending stiffness is reached at E, where the volume fraction of M3
is 30%. Then, the stiffness reduces progressively,
although ET/qT increases until qT ? q3.
5.2 Maps for proportionally scaled layer systems
Figure 7a, b show the domain of the class of the
proportionally scaled layers and the change of
flexural modulus for the system evolution illustrated
in Fig. 1e, f. Similar to those in Fig. 1a, b, these
sequences pertain to the constraints V1 = const and
V1/V2 = const.
Compared to the vertically scaled layers class,
here the overall domain for both constraints shrinks
and the bounds are governed by quadratic relations,
i.e. curves FG and HD. It can be observed that the
effect of each constraint on the flexural modulus
resembles that exhibited by the class of the vertically
scaled layers.
The flexural modulus of the starting bi-material
shown in Fig. 1e is represented in Fig. 7a by point F,
which is chosen, as an example, to have V2 = 49%.
With respect to the shape classes, increasing the
thickness of material M3 in the middle reduces the
flexural modulus following downward the upper
curve FG until point G, where M2 has completely
replaced M1 with a volume fraction of 51%.
Likewise, when a stiffer layer is added in the middle
of system G, the flexural modulus is visualized by the
lower curve GF.
In Fig. 7b, the flexural modulus is plotted for the
evolution f) in Fig. 1 where V1/V2 is constrained to
0.55. This constraint has also a particular effect on
the flexural modulus of this shape class. Adding a
softer material increases the stiffness of the system
until the bending stiffness reaches the maximum at
point I, where the volume fraction of M3 is 16%.

Bend stiffness of laminate microstructures
Fig. 6 a The curves of the
shaded sub-domain
describes the tri-material
evolutions shown in Fig. 1a
and b for vertically scaled
layers with a volume
percentage of L2
constrained to 16%. The
limiting bi-material
configurations, i.e. points A
and B, contain 74% volume
fraction of L1 and L3,
respectively. b The curves
of the shaded sub-domain
describe the tri-material
evolutions shown in Fig. 1a,
b for vertically scaled layers
with volume ratio V1/V2
constrained to 55%. The
limiting bi-material
configuration C contains
45% of L2, whereas D has
a volume fraction of 100%
of L3. Point E contains
30% volume fraction of L3
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5.3 Maps for horizontally scaled layer systems
For the class of the horizontally scaled layers consisting of two materials, symmetry and number of
laminates have no effect on ET/qT (Pasini 2006a).
Figure 8 shows a similar behaviour also for the
evolution of a tri-material system. The linear relation
governing the effective properties has the effect of

ρ T ( Mg / m 3 )

reducing the domains to lines (M1–M2; M1–M3;
M2–M3) irrespective of the number and symmetry of
layers. The evolutions shown in Fig. 1g and f also
reduce to lines LM and ND for the two constraints.
When V1/V2 = const, the gradient of the line is greater
than the case for V1 = const. This time, in contrast to the
other shape classes, no increase in stiffness is observed
when a softer material is integrated into the system.
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Fig. 7 a The curves of the
shaded sub-domain
describes the tri-material
evolutions shown in
Fig. 1e) for proportionally
scaled layers with a
constrained volume
percentage of 49% for L2.
For the limiting bi-material
configurations, F and G
contain respectively 51%
volume fraction of L1 and
of L3. b The curves of the
shaded sub-domain describe
the tri-material evolutions
shown in Fig. 1f) for
proportionally scaled layers
with volume ratio V1/V2
constrained to 0.55. For the
starting bi-material
configuration, H contains
51% of L1 and 49%
volume fraction of L2; I
contains 16% of the volume
fraction of L3
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6 Case study on the use of the map ET vs. qT
for the selection of structural concepts
The aim of this section is to illustrate the benefit of
using this method for the design of multilayered
structures. The functional requirements of a microdevice and the manufacturing process used to shape it
into a selected configuration govern the choice of one
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or a combination of materials. The model described in
this article is grounded on the mechanical characterization of the flexural properties of a micro-beam; the
maps are a tool that assists the preliminary design
because they ease the simultaneous scrutiny of structural design alternatives. However for the final choice,
other important factors, such as the constraints
imposed by different fabrication technologies as well

Bend stiffness of laminate microstructures
Fig. 8 The lines LM and
DN describe the tri-material
evolutions shown in
Fig. 1g, h for horizontally
scaled layers, respectively
with V2 = 40% and volume
ratio V1/V2 = 0.55. For
initial bi-material
configurations, L contains
60% volume fraction of L1
and 40% volume fraction of
L2; M contains 60%
volume fraction of L3 and
40% volume fraction of L2
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as their associated cost, need to be taken into account.
Further research is required to include such limits into
the maps.
This section illustrates a comparative study of
structural concepts that differ for materials, crosssection geometry, layer architecture, and number of
constituent materials. The problem deals with the
comparison and selection of structural concepts for a
vibrating micro-cantilever beam; the maps are developed for screening alternatives and for filtering the
one that optimizes the vibration frequency. All four
scenarios are considered here in unconstrained and
constrained design. In the first case, no restrictions
are applied to the beam geometry; whereas in the
other three cases, either the width or the height or
both are prescribed. The following structural concepts are considered:
(1)

(2)
(3)

(4)

a three-material prismatic system, which consists of Silicon (Si), Silicon Carbide (SiC), and
Zirconium Oxide (ZrO2);
a bi-material rectangular compound of Silicon
Nitride (Si3N4) and Gallium Arsenide (GaAs);
a bi-material circular (or elliptical) system with
proportionally scaled layers of Silicon and
Silver (Ag);
a bi-material structure with vertically scaled
layers of Copper (Cu) and Silver;

(5)
(6)
(7)

M3

ρ T ( Mg / m 3 )

two solid prismatic beams respectively of
Quartz and Nickel (Ni);
two solid cylindrical cantilevers; one made out
of Titanium (Ti) and the other of GaAs;
a solid triangular cross-section structure of
Nickel.

Figure 9 shows all together the flexural properties
of the candidates. The plot was obtained by using the
shape transformer expressions (Tables 1 and 2) and
their material properties (Table 3). Whereas properties domains emerge for planar systems containing
either two or three materials, the properties of solid
monolithic structures are identified by single points.
•

•

For bi-material systems, the domain boundaries
describe the change of the flexural modulus when
the volume fraction changes. The upper curves
identify systems where the coating material is
stiffer, as opposed to the lower bounds, which
represent stiff core bi-materials. The curves
describe the vertically scaled layer class of the
rectangle family for Cu-Ag, Si3N4-GaAs, and the
proportionally scaled layer class of the elliptical
family for Si-Ag.
For the three-material system, five sub-domains,
similar to those depicted in Fig. 5, emerge. The
major domain is bounded by the three bold
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Fig. 9 Design map for
selection of alternative
vibrating micro-structures
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continuous lines and within it fall all the bi- and
tri-material systems of the rectangles family with
two, three, and multiple, layers arranged symmetrically and asymmetrically about the envelope
mid-plane (Pasini 2006a). As demonstrated previously, constraining the volume fraction V1 or
V1/V2 results in system evolutions characterized
by flexural properties curves which, albeit significantly different, lie always inside the general
domain.
For concept selection, besides properties domains
selection guidelines are to be plotted on a map. If
relations (10), (12), (13), (14) are recast into the form
of expression (15) and plotted as selection lines, then
several insights are revealed. For example in Fig. 9, if
the lines are set on the beam with solid elliptical
cross-section made out of Si, then the candidates can
be easily ranked for each scaling condition. As can be
seen, a scaling constraint strongly impacts the
ranking of the structural concepts. The systems
laying above a line show that shaping Si-SiC-ZrO2
into a planar system of the rectangular family can
provide higher flexural vibrations for certain volume

123

fractions of the materials layered into a given layout.
The intersections of each line with the domain
boundaries determine the thresholds of the volume
fraction for the best design concept under given
constraints.
Another feature of Fig. 9 involves the domain
overlaps emerging by the intersection of regions from
different concepts. For example, Si3N4-GaAs partly
covers the domains of Si-SiC-ZrO2 and Si-Ag. This
outcome highlights that there are different concepts
that provide the same flexural properties and vibration
performance, a feature of relevance when material
availability and other functional requirements might
induce the search for an alternative design.
Validating the method presented in this article is
essential to the design of microstructures. The model
is governed by the classic laminated plate theory and
the Euler–Bernoulli theory, recently verified both
numerically and experimentally (Sader 1998; Serre
et al. 1999; Rasmussen et al. 2003; Jennifer et al.
2004; Lin 2004b; Ferguson et al. 2005; Sandberg
et al. 2005a, b, c; Mertens et al. 2003; Melamud et al.
2006; Wang et al. 2000; Prasanna and Spearing

Bend stiffness of laminate microstructures

2007). These studies for single and multilayered
microstructures set the validity boundaries of the
results given in this article, because they demonstrate
the predictions diverge no more than 3% from
experiment measures. Reasons for such a deviation
include anchor dissipation and boundary conditions,
uncertain measures of thicknesses and material
properties.
The scheme proposed here enables the visualization of properties bounds for alternative concepts and
is conducive to optimize performance at the concept
stage, where each structural alternative is described
by its own set of design variables and can be
contrasted for different design scenarios.

7 Conclusions
The evolution of a multi-layered micro-system consisting of three dissimilar materials has been examined
by constraining the volume fraction to specific values.
Flexural stiffness domains have been determined for
different layer architectures of a tri-material laminate
system. It has been demonstrated that a bi-material
sandwich system can be stiffened by adding layers of a
more flexible material while constraining the volume fraction ratio of constituent materials. The
scheme presented in this article captures the impact
of structural variables for laminate materials, layer
architecture and cross-section geometry. Maps for
concept design have been developed to ease the visual
ranking of alternatives and contrast the flexural
properties of multi-material systems with monolithic
structures of different cross-section geometries.
It is anticipated that this method can be used to
model other mechanical properties relevant to the
design of micro-devices.
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