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Anisotropic Morphing in Bistable Kirigami through
Symmetry Breaking and Geometric Frustration

Chuan Qiao, Filippo Agnelli, Deepak Kumar Pokkalla, Nicholas D’Ambrosio,
and Damiano Pasini*

Shape morphing in bistable kirigami enables remarkable functionalities
appealing to a diverse range of applications across the spectrum of length
scale. At the core of their shape shifting lies the architecture of their repeating
unit, where highly deformable slits and quasi-rigid rotating units often exhibit
multiple symmetries that confer isotropic deployment obeying uniform
scaling transformation. In this work, symmetry breaking in bistable kirigami is
investigated to access geometric frustration and anisotropic morphing,
enabling arbitrarily scaled deployment in planar and spatial bistable domains.
With an analysis on their symmetry properties complemented by a systematic
investigation integrating semi-analytical derivations, numerical simulations,
and experiments on elastic kirigami sheets, this work unveils the fundamental
relations between slit symmetry, geometric frustration, and anisotropic
bistable deployment. Furthermore, asymmetric kirigami units are leveraged in
planar and flat-to-3D demonstrations to showcase the pivotal role of shear
deformation in achieving target shapes and functions so far unattainable with
uniformly stretchable kirigami. The insights provided in this work unveil the
role of slit symmetry breaking in controlling the anisotropic bistable
deployment of soft kirigami metamaterials, enriching the range of achievable
functionalities for applications spanning deployable space structures,
wearable technologies, and soft machines.

1. Introduction

Perforating a thin sheet with a distinct motif of slits has
been leveraged in kirigami metamaterials to attain auxeticity,

C. Qiao
MOE Key Laboratory of Deep Earth Science and Engineering
College of Architecture and Environment
Sichuan University
Chengdu 610065, China
C. Qiao, F. Agnelli, D. K. Pokkalla, N. D’Ambrosio, D. Pasini
Department of Mechanical Engineering
McGill University
Montréal, Québec H3A 0C3, Canada
E-mail: damiano.pasini@mcgill.ca

The ORCID identification number(s) for the author(s) of this article
can be found under https://doi.org/10.1002/adma.202313198

© 2024 The Authors. Advanced Materials published by Wiley-VCH
GmbH. This is an open access article under the terms of the Creative
Commons Attribution-NonCommercial License, which permits use,
distribution and reproduction in any medium, provided the original work
is properly cited and is not used for commercial purposes.

DOI: 10.1002/adma.202313198

shape shifting, multistable deployment,
and other unusual responses.[1–13] In
contrast to other shape-morphing meta-
materials, such as folded tessellations
(origami)[14–16] and bilayer films,[17,18]

kirigami patterns can easily achieve fairly
complex in-plane and out-of-plane defor-
mations through the opening of rationally
designed cuts, making them appealing
in a range of sectors, from aerospace
deployable structures,[19,20] solar cells,[21]

biomedical devices,[22,23] and robotics.[24–27]

The diverse set of properties and func-
tionality that a planar kirigami pattern
can deliver stems mainly from the tes-
sellation of its repeating shape, e.g., tri-
angular (kagome pattern), square, hexago-
nal, and other polygonal tiles, each embed-
ding an intrinsic symmetry of their con-
stituent slits, e.g., rotational, reflectional,
and glide reflectional symmetry.[28–33] While
ordinary kirigami patterns have been exten-
sively studied for both their linear and non-
linear responses, other less trivial motifs
of threefold and fourfold rotational symme-
try have attracted attention for being able
to offer bistable auxetic deployment with

reconfiguration into states of preserving shape.[3] Other stud-
ies have focused on more complex incision patterns, e.g.,
hierarchical[1,34] and fractal tilings,[35,36] with reduced order of
symmetry as well as beyond periodicity, e.g., randomly oriented[4]

and other aperiodic patterns,[37,38] all contributing to yield a
plethora of kinematic and mechanical responses. Approaches
leveraging inverse design formulations have also been explored
with the aim of programming morphing on target and confor-
mal mapping to predefined surfaces of nearly arbitrary Gaus-
sian curvatures.[5,6,10,39,40] All these investigations confirm the key
role that slit symmetry plays in the kinematics and mechanics of
kirigami tessellations, a notion that goes well beyond kirigami
and applies across the spectrum of solids, e.g., crystals and other
architected materials.[41]

Symmetry has long been a valuable tool for creating complex
architected materials.[41–44] However, for kirigami metamateri-
als it has only been applied to rigid deployable patterns[28,29,45]

with kinematics described by nondeformable panels and pure
rotational hinges. The deployment of all these patterns does
not involve geometric frustration,[46,47] a phenomenon occur-
ring when incompatible geometric constraints impede the

Adv. Mater. 2024, 2313198 2313198 (1 of 11) © 2024 The Authors. Advanced Materials published by Wiley-VCH GmbH

http://www.advmat.de
mailto:damiano.pasini@mcgill.ca
https://doi.org/10.1002/adma.202313198
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fadma.202313198&domain=pdf&date_stamp=2024-03-08


www.advancedsciencenews.com www.advmat.de

deformation of an object under a set of applied forces; in the
realm of kirigami, geometric frustration appears as local disor-
dered deployments caused by incompatible geometric restric-
tions, such as local deformation of panels due to slit geometry
that violates rigid deployable constraints[48] and out-of-plane mor-
phing due to nonuniform strains in nonperiodic patterns.[37] This
focus has so far excluded the investigation of exotic modes of de-
formation, e.g., anisotropic and inhomogeneous deployment,[49]

pattern formation of complex order,[47] and history-dependent
mechanical computation[50] among other functionalities, that—
on the other hand—have been studied in frustrated soft meta-
materials. The concept of geometric frustration in soft kirigami
and its interplay with slit symmetry remains elusive and calls for
further investigation due to its promise to unlock shape transfor-
mations and properties thus far unattainable in kirigami meta-
materials.

With a focus on soft kirigami metamaterials, this work aims
to unveil the intrinsic relation between slit symmetry, geomet-
ric frustration, and anisotropic scaling in a representative class
of uniformly scaled bistable auxetic kirigami. By breaking slit
symmetry and allowing sheet deformability, we demonstrate
how to program their anisotropic bistable deployment, depart-
ing from uniform scaling transformations that are frustration-
free to nonuniform scaling transformations that are geometri-
cally frustrated. Through a combined approach of semi-analytical
derivations, numerical simulations, and experiments, we map
the symmetry relations of bistable kirigami and investigate their
role on bistability, anisotropy, deployment magnitude as well as
geometrically frustrated deployed state. We showcase the insights
gained from our investigation through two demonstrations. The
first demonstrates a set of anisotropic in-plane deployments of
bistable kirigami that leverage shearing deformations to achieve
target shapes and functions. The second employs a simple yet
comprehensive shape target that simultaneously contains posi-
tive, negative, and zero Gaussian curvatures to show the poten-
tial of arbitrarily scaled kirigami for generic flat-to-3D deploy-
ment, hence proposing a design strategy for anisotropic shape-
morphing of kirigami sheets.

2. Results

2.1. Geometry Description, Symmetry Relations, and Scaling
Transformation of Unit Cell

We focus on a representative class of kirigami, bistable auxetic
metamaterials (BAM),[3] that are frustration-free in their stable
states (initial and final) and isotropically deploy through a uni-
form scaling transformation. Their geometry consists of rotating
equilateral triangles that are surrounded by translational Y-strut
motifs, which are periodically tessellated with threefold rotational
symmetry. In BAM, geometric frustration is encountered only in
state transition, i.e., during deployment, where the rotating units
uniformly push away their neighboring translational Y-strut mo-
tifs in all directions and impart isotropic scaling to their deploy-
ment.

To study the interplay between slit symmetry and geomet-
ric frustration, we now focus on an arbitrary kirigami unit
(Figure 1A) where we break the threefold symmetry of their
slits. Our goal is to investigate the physical mechanisms under-

pinning nonuniform deployment and its frustrated equilibrium
states, the signature of anisotropic bistable auxetic metamaterials
(ABAM). The periodic pattern of ABAM consists of six mutually
intersecting slits nesting two triangle units each within a larger
triangular module. To describe ABAM in a compact and insight-
ful form, we focus on a subset of geometric parameters, i.e., the
internal angles 𝜑1, 𝜑2, and 𝜑3, that govern the symmetry of the
kirigami pattern, and present a ternary plot where the internal an-
gles lie on its axes (Figure 1B). Each point in the parameter space
is defined by a set of 𝜑i (i = 1, 2, and 3) values (gray isoangle
lines) that can describe the geometry of any slit pattern applied
to a unit cell with prescribed base length ℓ1, internal cut ratio
a1/ℓ1, and normalized hinge thickness t/ℓ1. For example, the in-
tersection (red dot) of the three bisectors (𝜑1 =𝜑2 =𝜑3) denotes a
kirigami pattern with an equilateral elementary triangle that be-
longs to the “p31m” wallpaper group,[28] i.e., its geometry in its
two stable states features threefold rotational symmetry and re-
flectional symmetry. As described above, this is BAM exhibiting
geometrical frustration at the intermediate states of deployment
whereas its closed and deployed states are frustration-free. By al-
tering the geometry of the elementary triangle, ABAM can access
other wallpaper groups with reduced symmetry. For example, if
the elementary triangle is isosceles (𝜑1 =𝜑2,𝜑2 =𝜑3, or𝜑1 =𝜑3),
ABAM that lie along any of the bisectors of the ternary plot belong
to the “cm” class, i.e., there exist reflections and glide reflections
with parallel axes. Figure 1B shows two types of “cm” ABAM, one
describing a triangle with two long sides and one short side (pat-
tern drawn in blue and ternary plot bisectors with solid lines), or
the other with two equal sides shorter than the third side (pattern
drawn in orange and ternary plot bisectors with dashed lines).
Lastly, the most general case is for ABAM belonging to the “p1”
class (𝜑1 ≠ 𝜑2 ≠ 𝜑3), represented by any point that is not on the
bisectors, e.g., green pattern, where there exists neither rotational
nor reflectional symmetry.

While the location in the ternary plot determines the symmetry
group of ABAM, the symmetry the ternary plot itself conveys im-
portant insights on the existence of dissimilar sets of geometric
parameters that describe the same ABAM. With the shape of an
equilateral triangle, the ternary plot naturally exhibits threefold
rotational symmetry around its center and reflection symmetry
with respect to its three bisectors. If we take an arbitrary ABAM
and denote it as (𝜑1,𝜑2, 𝜑3), symmetry operations applied to
the ternary plot enable to obtain at most six distinct ABAM pat-
terns that are all obtained by the six possible permutations of
the angles (e.g., (𝜑1,𝜑3, 𝜑2) and (𝜑3,𝜑1, 𝜑2)). Since all these
six ABAM patterns can be simply obtained through rotational
and reflectional operations applied to one of them (Section S7
and Figure S9, Supporting Information), this notion proves that
the symmetry of the ternary plot, i.e., the geometric parameter
space, correlates with that of their ABAM patterns, the physi-
cal space, and that these kirigami patterns are all identical. As
a result, the study of the entire parametric space of our ternary
plot can be reduced to the model of one of its subsets, e.g., one
describing shapes with angles 𝜑1 < 𝜑2 < 𝜑3 (or equivalently
ℓ1 < ℓ2 < ℓ3), i.e., the lower-right region bounded by the red
triangle.

Following Neumann’s principle,[51,52] the symmetry of phys-
ical properties in a crystal can only be higher or equal to the
symmetry of the crystal lattice. To enable nonuniform scaling
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Figure 1. Anisotropic Bistable Auxetic Metamaterials (ABAM). A) Triangular building block and corresponding 2 × 2 unit cells in closed state and open
state of preserving shape. Y-strut (green) featuring residual bending deformation for generic ABAM. B) Design space visualized in a ternary plot obtained
by varying symmetry leading to programmable anisotropic expansion. Four demonstrative cases of ABAM with distinct wallpaper groups illustrate their
closed and open states, with symmetry properties highlighted by reflection axes (black dash-dot lines), glide reflection axes (red dashed lines), and
rotational centers (black dots). Effective deformations of ABAM are shown in the upper-right corner of each panel.

of deployment, we should thus reduce the symmetry of our uni-
formly scalable baseline, i.e., BAM. To assess the scaling mode,
we now analyze unit cells in their deployed state under periodic
boundary conditions while ignoring finite size effects.[3,53] For the
“p31m” BAM, we observe that the deployed unit cell also belongs
to “p31m” class, and the pertinent strain tensor values must re-
main unchanged from rotational symmetry operations of angles
120° and −120°. This in turn constrains the strain tensor in the
deployed state to carry an isotropic symmetry, i.e., it only permits
a uniform change of the scaling factor; here, the internal cut pa-
rameters are uniformly scaled during deployment. In ABAM, the
unit cells with a lower order of symmetry undergo anisotropic
scaling in the deployed state, and cause residual geometric frus-
tration in the Y-strut beams in the open stable state (see the green
set of beams in Figure 1A obtained from finite element simu-
lations), whereas the inner triangles appear almost undeformed
because the frustration is mitigated by the compliance of slender
Y-strut units (Section S2.1, Supporting Information). For “cm”
ABAM (Figure 1B), the two beams of equal length exhibit deflec-
tions in opposite directions, while the last beam is undeformed, a
phenomenon that preserves the “cm” class in the deployed stable

state. On the other hand, in “p1” ABAM, all beams of the Y-strut
unit are deformed, and the deployed unit cell can exhibit only
“p1” symmetry.

2.2. Bistability, Anisotropy, and Nonuniform Scaling

To investigate the role of anisotropic scaling during ABAM de-
ployment, we track the evolution of three quantitative measures,
each being expressed as a function of the geometrical parameters
𝜑2, 𝜑3, a1/ℓ1, and t/ℓ1:

• Bistability, described by the valley over the peak ratio of the
strain energy density Emin/Emax

• Anisotropy, measured by the maximum value of engineering
shear strain 𝛾max for all choices of direction 𝛼 in plane, which
is obtained from the right Cauchy–Green deformation tensor
Cij following finite strain theory:[54]

𝛾max = max𝛼∈[0,2𝜋]

(
𝜋

2
− cos−1 C12 (𝛼)√

C11 (𝛼) C22 (𝛼)

)
(1)
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• Magnitude of scaling, defined here by the engineering volu-
metric strain ɛV, computed from the principal in-plane strains
ɛ1 and ɛ2,

𝜀V =
(
1 + 𝜀1

) (
1 + 𝜀2

)
− 1 (2)

These strain measures are here selected for simplicity. While
other strain measures, such as true strain, could be con-
sidered, they would not affect the overall findings in this
work.

All the metrics above are obtained through a set of numerical
simulations of various unit cells under periodic boundary condi-
tions (Section S5, Supporting Information). The unit cell is ini-
tially loaded under uniaxial tension along the horizontal direc-
tion beyond its bistable state, and then is released to return the
bistable state. Moreover, the deployed state of any generic ABAM
can be determined with a good level of accuracy through a semi-
analytical model that assumes rigid triangles, Euler–Bernoulli
beams, and pure rotational hinges. In our model described in
Section S2 (Supporting Information), the open state should sat-
isfy the balance of in-plane bending moments at the junction of
three beams without any external work. This translates to:

∑
i = 1,3

w3
i

𝜆2
i

u(i)
t = 0 (3)

where wi is the width of the i-th beam, 𝜆i is the length of the i-th
beam, expressed as a function of𝜑1,𝜑2, and𝜑3 and u(i)

t are the un-
known transverse displacement at the tip of the i-th beam. The ge-
ometrical constraints imposed by the rigid blocks combined with
the periodicity of the pattern provide the two additional equations
required to determine u(i)

t that ultimately enable us to describe the
ABAM configuration in the deployed state.

Figure 2A shows an ABAM unit cell with “cm” symmetry (𝜑1
= 40°, 𝜑2 = 𝜑3 = 70°) in its equilibrium states, which are ob-
tained both from our semi-analytical model and numerical sim-
ulations with periodic boundary conditions. This unit cell de-
sign is representative of the designs shown in Figure 1B. The
results are overall in good agreement, although the former does
not account for the stretching and compression in the living
hinges, hence slightly overestimating the strain level (both nor-
mal and shear strains) as shown in the polar plot of Figure 2B.
Here, we observe the hourglass-shaped curve of the engineer-
ing normal strain ɛ, indicating the highly anisotropic scaling of
the deployed unit cell with a horizontal expansion 200% above
its vertical counterpart. The engineering shear strain 𝛾 , which
describes the distortion of the material through the measure-
ment of the local changes of angles, is also depicted in the po-
lar plot to quantify the magnitude of the anisotropic distortion
of the deployed unit cell along all directions. 𝛾max = 0.38 is the
maximum value that appears at the direction of 45°. Figure 2C
shows the evolution of the stress and strain energy density as
a function of an effective engineering strain applied to the pe-
riodic unit cell along the horizontal directions. The stress curve
exhibits a negative stiffness, i.e., the negative slope in the stress-
strain plot, around ɛ = 0.5, until the stress finally transits from
negative to positive values. The existence of negative stress leads
to a local minimum of the energy density curve Emin that is

far from the initially undeformed state, where ABAM reach its
bistable deployed state. Additionally, we note that ABAM in the
bistable state can maintain its shape without external forces
(Figure 2C).

Next, we perform a parametric analysis with numerical simula-
tions to unveil the relation between slit symmetry breaking and
anisotropic bistable scaling. To manipulate the symmetry prop-
erties of ABAM, we sweep the internal angles 𝜑1, 𝜑2, and 𝜑3
between 10° and 160° with an increment of 5°. We first inves-
tigate the global parameters by prescribing the hinge thickness
(t/ℓ1 = 0.04) and the size of the internal triangle (a1/ℓ1 = 0.6)
values that ensure bistability for a sizeable range of ABAM pat-
terns. In a second step, we also explore the role of the internal
parameters, i.e., the internal triangle size a1/ℓ1 varying from 0.4
to 0.8, to capture the influence of slit symmetry breaking in a
broader design space. Although in this work we focus on the role
of slit symmetry breaking in elastomer kirigami metamaterials,
the choice of other material types could also affect their mechan-
ical response.[55,56]

Figure 2D shows the first set of results of the parametric study,
where the bistability index Emin/Emax is plotted on the ternary plot.
What we observe here is the role of symmetry breaking in ABAM,
indicating that a departure from symmetry, with the central point
being the BAM that has the highest degree of symmetry (p31m),
diminishes the energy barrier. The map shows that excessive dis-
tortion in the slit pattern hinders bistability and can eventually
downgrade ABAM to a monostable kirigami for internal angles
𝜑i (i = 1, 2, and 3) above 105°. While ABAM lying on the dashed
bisectors (thickset “cm” ABAM) of the ternary plot mark the di-
rection where bistability weakens most rapidly, the maximum
engineering shear strain 𝛾max, i.e., anisotropy (Figure 2E), and
the volumetric strain ɛV, i.e., magnitude of scaling (Figure 2F)
measured, also show strong dependency on the symmetry group.
The slender “cm” ABAM, marked by solid bisectors (e.g., blue
pattern in Figure 1B), exhibit the highest levels of anisotropy
and normal expansion with large values of shear and volumet-
ric strains, whereas the thickset “cm” ABAM, marked by dashed
bisectors (e.g., orange pattern in Figure 1B), tend to exhibit
low values of anisotropy and normal expansion. On the other
hand, an ABAM of the “p1” symmetry group shows moderate
responses bounded by those of the slender and thickset “cm”
ABAM (more detail in Section S2 and Figure S3 in the Supporting
Information).

The most regular “p31m” BAM provides the highest bistability,
while “p1” and “cm” ABAM exhibit a reduced value, but they offer
a sizeable tunability for anisotropic scaling. This observation sug-
gests that slit symmetry breaking controls the trade-off between
bistability and anisotropy of scaling and Figure 2G shows their
antagonistic nature. The “p31m” BAM unit cells with varying size
of the inner triangle (a1/ℓ1 from 0.4 to 0.8) show no shear strains
(red dots) and are unable to attain anisotropic deployment. For
“p1” ABAM, domains with various shear strains can be accessed
for all values of a1/ℓ1 from 0.4 to 0.8. Lastly, slender “cm” ABAM
(solid lines) form the lower bound of the domains of “p1” ABAM
in terms of bistability index Emin/Emax, indicating that the slender
“cm” ABAM is the most effective in achieving anisotropic deploy-
ment while preserving bistability. In contrast, the thickset “cm”
ABAM (dashed lines) is the least bistable among ABAM for a
given shear strain.

Adv. Mater. 2024, 2313198 2313198 (4 of 11) © 2024 The Authors. Advanced Materials published by Wiley-VCH GmbH

 15214095, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adm

a.202313198, W
iley O

nline L
ibrary on [10/04/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.advmat.de


www.advancedsciencenews.com www.advmat.de

Figure 2. Anisotropic mechanical response of ABAM unit cells. A) Cut pattern of representative unit cell (𝜑1 = 40°, 𝜑2 = 𝜑3 = 70°) with its deployed
state predicted by a semi-analytical model (Section S2, Supporting Information) and numerical simulation. B) Polar plot of engineering normal strain
ɛ and shear strain 𝛾 of unit cell. C) Evolution of stress and energy density as a function of strain obtained by numerical simulation under periodic
boundary conditions. D–F) Contour plots characterizing energy (bistability Emin/Emax), anisotropy (shear strain 𝛾), and expansion (volumetric strain ɛV)
of ABAM for varying geometric parameters (𝜑1, 𝜑2, and 𝜑3) and given inner triangle size (a1/ℓ1 = 0.6). Blank regions in ternary plot indicate monostable
unit cells with angle 𝜑i > 105° (i = 1, 2, and 3). G) Trade-offs between bistability and anisotropy of ABAM. Colored domains correspond to a1/ℓ1
values (inner triangle size) of 0.4, 0.6, and 0.8. H–J) Cut view of 3D surfaces characterizing energy (bistability Emin/Emax), anisotropy (maximum shear
strain 𝛾max), and expansion (volumetric strain ɛV) of bistable auxetics for varying geometric parameters (𝜑1, 𝜑2, 𝜑3) and given values of a1/ℓ1 (t/ℓ1 =
0.04).

Figure 2 H–J further explores the role of slit symmetry break-
ing in a broader design space of ABAM. In particular “cm”
ABAM (𝜑1 = 𝜑2), taken as representative, is characterized by
the three metrics (Emin/Emax, 𝛾max, and ɛV) in a 3D plot for three
values of a1/ℓ1, each visualized by a color in its correspond-
ing section view. As can be observed in Figure 2H, the design

space of ABAM expands with a1/ℓ1, while the bistability index
Emin/Emax still increases monotonically for ABAM that departs
from the most symmetric BAM, “p31m” (𝜑1 = 𝜑2 = 𝜑3 = 60°).
Figure 2 I,J shows that both the shear strain and the volu-
metric strain are higher for larger values of a1/ℓ1, whereas
the “cm” ABAM trace the directions in which the strains vary
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either most rapidly or slowly. These results further demon-
strate that slit symmetry governs the anisotropic bistable deploy-
ment. In some kirigami patterns, a unique and extreme case
of strain can be achieved by using the slender “cm” ABAM de-
sign. This design features a combination of angles and ratios
that result in a maximum engineering shear strain of 1.12 and
a maximum volumetric strain of 3.37. This showcases the po-
tential of symmetry breaking in kirigami patterns for creating
anisotropic shape morphing. The design is shown in Figure S8
(Supporting Information), while the strain values are depicted in
Figure 2 H–J.

2.3. From Repeating Unit to ABAM Tessellation: Experimental
Characterization of Tensile Response

Through a set of experiments and numerical simulations, we
now characterize the anisotropic bistable response in ABAM
specimens undergoing a cycle of tension (loading) and compres-
sion (unloading) (Figure 3; Sections S3 and S5, Supporting In-
formation). Four specimens, designed with given geometry and
symmetry group, were laser cut from 6.35 mm thick natural rub-
ber sheets and pulled at a strain rate of 10 mm min−1 (Videos
S1 and S2, Supporting Information). The periodic array for each
sample comprises 5 × 5 unit cells.

Figure 3 shows the bistable responses of all fabricated spec-
imens, able to retain their deployed state even without external
load. The deformation observed during the tensile test is typical
of a mechanism featuring rotational hinges, where the Y-strut
motifs in the “cm” and “p1” ABAM specimens are frustrated,
hence being deformed unlike those in the “p31m” BAM spec-
imen (Figure 3). During the tension process, all specimens go
through various metastable states before they reach the fully open
stable state. In the unloading stage, the negative values in the
load–displacement curves demonstrate that the specimens can
resist the action of the external compression and maintain their
fully open shapes until the compressive load overcomes their en-
ergy barrier and guides them back to their initial state (Video S2,
Supporting Information). Being monolithic with the rest of the
structure, neighboring units undergo relative rotation by hinge
bending. As a result, geometric frustrations occur with the rela-
tive rotation between the triangles and the Y-strut motifs, a phe-
nomenon that in turn results in structural bistability. We also
note that unit cells in the corner do not deploy uniformly as the
others do in the middle. This phenomenon occurs because their
motion is not confined by adjacent unit cells, and can be avoided
by pulling the kirigami with distributed loading.[10,55]

An additional observable feature, which is specific to the
ABAM, is the programmable anisotropic deformation of its unit
cells, enabling the tailoring of both the magnitude and the direc-
tion of nonuniform morphing. In contrast to the “p31m” BAM
specimen that expands uniformly in all directions and main-
tains its macroscopic outline in the deployed state, the “cm” and
“p1” ABAM specimens display distinct and tunable expansion
in response to the vertical pull, showing an envelope that is dis-
similar from its initial undeformed state. To better illustrate the
anisotropic deformation of ABAM, a square area was initially
painted on the surface of the specimens. In the deployed state,
the two “cm” ABAM specimens elongate mainly in the pulled di-

rection but with distinct stretch ratios, whereas the “p1” ABAM
specimen mainly expands in an oblique direction.

As per the load–displacement curves, all specimens start with a
short linear stage, then enter a saw-toothed plateau that alternates
between positive and negative values of stiffness, and finally in-
crease monotonically with the displacement. A large hysteresis
loop appears between the loading and unloading curves mainly
due to the negative stiffness behavior of the unit cells that dissi-
pate energy via snap-through buckling.[57–59] In our experiments,
the energy loss may also be partially attributed to the friction be-
tween the specimen and the clamps introduced to suppress out-
of-plane buckling as well as the material viscoelasticity of rubber.

The results of our experiments are supported by numerical
analyses that capture the overall behavior of the specimens. The
load–displacement curves show three major peaks under tension
and a negative portion during the compression stage, indicating
structural bistability. The first two peaks are caused by the snap-
ping of unit cells around the clamps, and the final peak is caused
by the opening of the remaining unit cells (Video S2, Supporting
Information). The experimental curves in Figure 3 also show mi-
nor peaks in addition to the major peaks in the numerical curves.
This factor can be attributed to tiny misalignments and manufac-
turing defects that emerged during the fabrication of our speci-
mens, which mildly affected the local snap-through events. Our
numerical model does not account for these defects.

2.4. Programming Planar Bistable Deployment: Anisotropic
Snapping

After uncovering the physical mechanism underpinning
anisotropic bistable scaling of ABAM, we now showcase its
potential for programming planar arbitrary deployment. Our
first simple deployment target is a “shear band,” which we
aim to achieve with an initially rectangular-shaped kirigami.
To do so, we start by combining “p31m” and “cm” ABAM unit
cells in a rectangular domain (Figure 4A). In the initial state,
4 × 4 “cm” ABAM unit cells (𝜑1 = 𝜑3 = 45° and 𝜑2 = 90°) are
sandwiched between eight layers of “p31m” BAM unit cells (𝜑1
= 𝜑2 = 𝜑3 = 60°). Once deployed, the “p31m” unit cells expand
uniformly in all directions with no shearing, whereas the “cm”
unit cells exhibit sizeable shear strains that skew the material by
about 25.5°. The outcome is the transformation of the initially
rectangular sheet into a “shear band” (Video S3, Supporting
Information). As a second example, we add complexity to the
planar shape target, aiming to deploy a rectangular-shaped
kirigami into a letter “M.” Figure 4B illustrates the result where
the oblique strokes are formed by the shearing of “cm” unit cells
and the other strokes consist of isotropic scaling “p31m” unit
cells (Video S4, Supporting Information). In these examples,
while “p31m” BAM maintains its initial shape with isotropic
expansion in the deployed state, ABAM with reduced symmetry
undergo anisotropic scaling with considerable shear strains.
The collective shearing of the symmetry-broken kirigami units
provides the driving force to distort the material from its initial
rectangular shape to a more complex target configuration.

ABAM anisotropy can be leveraged to attain functionality that
goes beyond the mere attainment of shape morphing. For ex-
ample, the bistable shearing of ABAM elements along certain
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Figure 3. A–D) Uniaxial tensile response of BAM and ABAM. Experimental (solid line) and numerical (dashed lines, shifted vertically by 3 N for ease of
reading) force–displacement curves during loading (tension) and unloading (compression). a1/ℓ1 = 0.6 and t/ℓ1 = 0.04 for all specimens.

preferential directions can be harnessed to enable the transmis-
sion of a signal, either mechanical or of another physical nature,
between realigned elements. ABAM can thus drive interlocking
hooks to realign, engage, and provide resistance to applied tensile
forces. Figure 4C shows a demonstrative example where we lever-
age the shearing of “cm” unit cells (𝜑1 =𝜑3 = 71.6°,𝜑2 = 36.8°) to
control the assembly of a load-bearing mechanism. The “cm” unit
cells are initially tessellated in a parallelogram manner, hence en-
abling them to deploy into a bistable rectangle profile. In this

demonstration, the effective shear strain of ABAM is harnessed
to align functional components (blue). In the physical realization,
a set of acrylic hooks are attached on the surfaces of the transla-
tional Y-strut motifs in the “cm” unit cells to act as load-bearing
components. When the “cm” unit cells switch to the deployed
state, despite being unable to carry heavy load, their realignment
makes the hooks to interlock with each other and form a chain
that can resist tensile forces (Figure 4D). In Figure 4E, although
the ABAM made from 2 mm thick rubber sheet is extremely
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 15214095, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adm

a.202313198, W
iley O

nline L
ibrary on [10/04/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.advmat.de


www.advancedsciencenews.com www.advmat.de

Figure 4. Planar deployment of ABAM. A) Shear band composed of “p31m” and “cm” unit cells. B) Letter “M” composed of “p31m” and “cm” unit cells.
C–E) Mechanical switch leveraging ABAM shear strain to align rigid hooks (blue) attached to translational Y-strut motifs and delivering load-bearing
capacity.

soft and floppy, the augmented ABAM structure can leverage the
hooks as an exoskeleton substrate that altogether can withstand
a weight of 3 kg (Video S5, Supporting Information). Along with
interlock hooks for load-bearing demonstration, ABAM can also
be combined with other functional components, such as electri-
cal circuits,[60] imaging devices,[61] and magnetic materials,[62] to
achieve a wide range of applications beyond shape morphing.

2.5. Programming 3D Bistable Anisotropic Deployment

Besides planar deployment, ABAM can anisotropically deploy
from a flat state to a 3D stable shape. To demonstrate this po-
tential, we choose a simple yet comprehensive 3D shape target
(Figure 5A) that simultaneously contains positive (dome-like sur-
faces), zero (ruled surfaces), and negative (saddle-like surfaces)
Gaussian curvatures. The 3D target comprises three semicylin-
drical shells, including two perpendicular-cut segments (i) and
(iii) at the ends (red), and one oblique-cut segment (ii) in the mid-
dle (blue). This shape target ensures that the Gaussian curvature
is positive at the peak between segments (i) and (ii), zero within
each segment, and negative at the saddle between segments (ii)
and (iii).

For simplicity, we assume that the 2D precursors of both the
whole 3D target and its constituent segments all have rectangle
shapes (Figure 5B). To determine the scaling ratio between the
precursor and the target, we first divide the 3D target into three

segments (Figure 5C). Segments (i) and (iii) of the target can
be flattened as rectangles, but segment (ii), being an oblique-cut
semicylindrical shell, can only be flattened as a chevron shape.
Comparing the geometry of the flattened targets and their pre-
cursors, all segments exhibit changes in their sizes with nonzero
volumetric strains ɛV ≠ 0. In addition, segment (ii) also displays a
nontrivial shear strain 𝛾 ≠ 0, which determines the oblique angle
𝜃 of the 3D target (Figure 5G; Section S4, Supporting Informa-
tion) as:

𝜃 = cos−1

(
𝜋 cos 𝛾 − 2

𝜋 − 2

)
(4)

To attain isotropic scaling segments (i) and (iii) (ɛV ≠ 0 and 𝛾 =
0), we select the “p31m” unit cell (𝜑1 = 𝜑2 = 𝜑3 = 60°), while for
the anisotropic scaling segment (ii) (ɛV ≠ 0 and 𝛾 ≠ 0), we chose
a square-shaped “cm” unit cell (𝜑1 = 𝜑3 = 45°, 𝜑2 = 90°) to ease
the tessellation.

Figure 5D shows the fabricated sample of the 2D precursor,
assembled with four columns of “cm” unit cells that are sand-
wiched between eight columns of “p31m” unit cells. Due to the
symmetry of the flattened chevron target, segment (ii) is tessel-
lated with two mirrored packs of 4 × 4 “cm” unit cells. In Figure 5
E–G, the deployed state of the sample can tightly match the 3D-
printed target surface (Video S6, Supporting Information), which
proves the dominant role of shear strain in achieving the tar-
get (Equation (4)). This demonstrates the potential of ABAM and
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Figure 5. 3D bistable deployment of ABAM. A) 3D target shape composed of three semicylindrical shells featuring a peak point and a saddle point. B)
2D precursor of 3D target. C) Unit cell selection. 3D target decomposed into three sections and flattened. Scaling metrics between flattened target and
2D precursor, including volumetric strain ɛV and shear strain 𝛾 , are extracted to compare flattened target and 2D precursor. “p31m” BAM unit cells (𝜑1
= 𝜑2 = 𝜑3 = 60°) are selected for isotropic scaling, whereas “cm” ABAM unit cells (𝜑1 = 𝜑3 = 45°, 𝜑2 = 90°) are chosen for anisotropic scaling. D)
Physical realization of 2D precursor and E–G) its 3D deployment.

the key role of nonuniform scaling for 3D bistable deployment,
which could not be obtained otherwise with existing isotropically
scalable kirigami. We also note that the 3D target surface here is
G0 continuous, and it contains only two unit cell designs. For 3D
surfaces with more complex shapes, one potential approach is to
improve the design of the unit cells with inverse design strategies
and optimization algorithms. These methods have been success-
fully applied in the field of shape-morphing kirigami.[5,6,10,39,40]

Although the ABAM specimens in this work cannot resist grav-

ity because they are fabricated with soft rubber sheets, it is pos-
sible to create free-standing 3D surfaces by increasing the stiff-
ness of ABAM. For example, we can fabricate ABAM with stiffer
materials, while the stress concentration at the hinges can be
reduced by tailoring the geometry of the kirigami constituents,
such as the living hinges.[55] Another way is to optimize the unit
cell design for high stiffness at the bistable state[10] or incorpo-
rate exoskeletons, as shown in our demonstration with interlock
hooks.
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3. Discussion and Conclusion

To conclude, our combined semi-analytical, experimental, and
numerical investigations have shown that symmetry breaking
of slit pattern induces geometric frustration and anisotropic
shape morphing in bistable kirigami and controls the trade-
offs between bistability and anisotropy of scaling. While sym-
metry breaking has been used to generate anisotropic re-
sponse in other metamaterial architectures,[29,41,44,52] this work
unlocks anisotropic morphing in kirigami metamaterials and
further unveils how symmetry groups affect geometric frus-
tration and their anisotropic bistable shape shifting. For ex-
ample, “p31m” BAM with threefold rotational symmetry fea-
tures frustration-free bistable isotropic expansion, “cm” ABAM
with lower symmetry undergoes frustrated anisotropic deploy-
ment with reduced bistability, and “p1” ABAM with least
symmetry exhibits a moderate response that is frustrated
and bounded by “cm” ABAM. The shape-morphing capabil-
ity of symmetry broken kirigami is demonstrated via a set
of in-plane and out-of-plane deployments with various tar-
get shapes that cannot be achieved without shear strains,
the key indicator of anisotropic deformation. This work has
thus established the link between symmetry, frustration, and
anisotropic bistable deployment in soft kirigami metamateri-
als, which can offer a new design route for nonuniform shape
morphing.

The symmetry-broken kirigami in this work is entirely made
of soft elastic materials to accommodate geometric frustration,
which limits the stiffness of the kirigami especially in the de-
ployed state. A potential approach to overcome this limita-
tion is to take a multimaterial design strategy with both soft
and rigid components, which, for example, could increase the
load-bearing capacity of kirigami metamaterials for engineer-
ing applications such as impact energy absorption.[14] More-
over, symmetry-broken kirigami can be made responsive to mul-
tiphysical stimuli through the integration of active materials,
such as shape memory polymers,[63] hydrogels,[64,65] and dielec-
tric elastomers.[66]

While the concluding demonstrations of our work show how
to harness slit symmetry breaking to tailor anisotropic deploy-
ment in bistable kirigami, our strategy holds generality and
can also be extended to other kirigami patterns[31,67] as well
as other types of metamaterials[41,68] and metasurfaces.[69,70]

For example, the fourfold symmetry of the square-cut mo-
tifs can be reduced by changing the square cuts into rectan-
gular cuts, rhombic cuts, parallelogram cuts, trapezoidal cuts,
and even arbitrary quadrilateral cuts. Besides symmetry break-
ing of slit pattern and geometric design, the asymmetric dis-
tribution of multiple materials within a structure, e.g., mate-
rials with distinct viscoelasticity[71] and coefficient of thermal
expansion,[52,72] could also be exploited to attain uncommon yet
highly desired anisotropy in properties and functionality for a
diverse range of applications in aerospace, robotics, and other
sectors.
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