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Stress concentration is a crucial source of mechanical
failure in structural elements, especially those
embedding voids. This paper examines periodic
porous materials with porosity lower than 5%.
We investigate their stress distribution under
planar multiaxial loading, and presents a family
of geometrically optimized void shapes for stress
mitigation. We adopt a generalized description for
both void geometry and planar tessellation patterns
that can handle single and multiple voids of arbitrary
void shape at a generic angle. The role of void shape
evolution from diamond to rectellipse on the stressdistribution is captured at the edge of voids in a
representative volume element (RVE) made of nonequal length periodic vectors. Theoretical derivations,
numerical simulations along with experimental
validation of the strain field in thermoplastic polymer
samples fabricated by laser cutting unveil the role of
geometric parameters, e.g. superellipse order, aspect
ratio and rotation angle, that minimize stress peak
and ameliorate stress distribution around voids.
This work extends and complements classical theory
by providing fundamental insights into the role
that tessellation, void shape and inclination play in
the stress distribution of low-porosity architected
materials, thus introducing essential guidelines of
broad application for stress-minimization and failure
mitigation in diverse sectors.
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Architected materials can achieve exotic properties, potentially enabling a wider range of
application across disciplines than conventional bulk materials [1–3]. Typically, it is the
architecture of the building block rather than the chemical make-up that is designed by
rationalized intuition [4] or shape [5] and topology optimization for designated functions
[6–8]. Representative applications through the lens of mechanics of materials include maximum
stiffness for structural integrity [9,10], enhanced fatigue life [11,12], maximum energy absorption
and dissipation [13–15], negative modulus and mass density [16,17], or vanishing shear modulus
[18,19]. The employment of tunable properties is also pervasive in other domains, such as
auxeticity [20,21], wave propagation and acoustic band gaps [22–25], shape morphing and reconfiguration [26–30], heat transfer [31,32], negative or zero coefficient of thermal expansion
[33–35], biomedical devices [36–38], and many others [39].
Despite the abundance of research in porous architected materials, the majority focuses on
high-porosity domains, preferably over 70% for greater tunability. Low porosity applications,
i.e. below 5%, however, also exist, and are often employed in extreme environments subjected
to severe service conditions [40–45]. Recent work on low-porosity metamaterials has shown
the achievement of high tunability in both Poisson’s ratio and band gaps through the use of
staggered elliptical voids in orthogonal tessellations of ultralow porosity (less than 2%) [41,45].
Other works focused on non-elliptical slots with ‘S’ shape, and reported enhanced fatigue life
[40], more broadband absorption for high-frequency acoustic noise [42], and improved cooling
effectiveness than traditional circular voids [44]. Shifted and rotated straight slots in orthogonal
tessellations have been also used in auxetic metamaterials with low-frequency band gaps [46,47].
On this front, most investigations focus on harnessing the well-studied mechanism of rotating
units, where slots or cuts are introduced mainly in the form of circular shapes within orthogonal
tessellations to generate auxetic responses.
Introducing slots in a design domain typically create sharp peaks of stress, a crucial source
of mechanical failure in solids as well as in architected materials [48–50]. Classical works on
stress concentration in solids examined mostly the impact of circular voids and other similar
geometries in an infinite or semi-infinite domain mainly under uniform tension and other simple
loading cases, some with consideration of reinforcements and anisotropic materials. Specific to
cellular architectures, stress concentration has also been studied, but so far to a less degree.
Most focused on high porosity metamaterials, hence investigating the relation between stress
concentration and geometric imperfections induced by additive manufacturing [51,52]. On the
low-porosity front, on the other hand, stress concentration, along with other aspects, such as crack
nucleation, has been studied mainly in orthogonally tessellated metamaterials [43,53,54]. Several
aspects remain so far unaddressed despite playing a key role on the impact of stress concentration
in architected materials; these include (i) the stress field generated by voids with generic shape
and the effect of boundary conditions on the edge of voids; (ii) the existence of optimal shape,
beyond circular voids, and void interaction in a representative volume element (RVE); (iii)
the role of generic tessellation patterns, beyond those defined by the normality of periodic
vectors.
This paper on low-porosity metamaterials has a threefold objective: (i) examine voids with
generic shapes and study the stress concentration field on their edges; (ii) identify optimized
void geometries for minimum stress; (iii) understand the role of generic tessellation patterns with
varying angle of periodic vectors and adjustable edge to length ratio under a general condition of
biaxial loading. Section 2 introduces first a theoretical analysis supported by numeric simulations
of stress distribution on the edge of generic voids in arbitrary planar tessellations, and then
presents optimized parameters of void shapes for the mitigation of stress concentration. Section 3
presents the set-up of digital image correlation testing and in §4, the results of the strain fields are
experimentally verified by the measurements of laser cut samples. Section 5, which precedes the
conclusions, discusses the effect of tessellation pattern and loading conditions on the optimized
system that minimizes peak stress on the edges of multiple voids.
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Figure 1. Definition of geometric parameters for tessellated superelliptical voids of low porosity in a planar domain. (a)
Description of superelliptical voids and RVE; (b) RVE subject to displacement loading and periodic boundary conditions. Sketches
of voids magnified for visualization purposes. RVE defined by periodic vectors, L2 and L1 , forming tessellation angle φ. γ defines
void rotation from axis x. (Online version in colour.)

2. Stress concentration on the edge of a superelliptical void in representative
volume element with low porosity
(a) Stress and strain fields in the representative volume element
We examine a two-dimensional architected material described by a generic RVE shaped with
a parallelogram with varying angle between the periodic vectors, hence capable of describing
arbitrary tessellations. Within the RVE we consider individual or multiple voids capturing a total
area below 5%, each traceable by a generic shape that can range from asteroids, diamonds, to
ellipses and rectellipses. Figure 1a shows representative shapes and number of voids in a two by
two RVE describing a periodic domain.
For the description of void shape, we resort to Lamé curves describing a family of
superellipical curves. This formulation enables to outline the shape boundary of a generic void in
the RVE through the manipulation of three parameters only, i.e. superellipse order, q, and ratio of
semi-axis length, a and b, in a succinct form as
y
x
| |q + | |q = 1.
a
b

(2.1)

The main shape descriptors in the equation above are used in figure 1a to generate
representative void shapes in a parallelogram RVE. For q = 2, we retrieve the special case of
elliptical voids. For varying q, other shapes emerge, such as asteroids (q = 2/3), diamonds (q = 1)
and rectellipses (q = 4). By varying q, the continuity of curvature changes, a factor that plays a key
role in the stress-distribution on the edge of a void [48–50].
As per the tessellation pattern, our parallelogram RVE is defined by two periodic vectors, L2
and L1 , which can form a tessellation angle of φ, hence enabling a generic description of repetitive
patterns beyond orthogonal (figure 1a). Within the RVE, the location of the void i is determined
by the coordinates of its centre (xi , yi ) and its rotation angle γi from the horizontal axis (figure 1a).
Their relative rotation, δi is also defined to describe the existence of multiple voids within the RVE
(figure 1b), a notion here presented to describe different tessellation patterns, such as hexagonal
and Kagome, as illustrated in a later section of the paper.
The area of the void is determined from the porosity is ψ
ψ =n

Avoid
,
ARVE

(2.2)

where we assume that multiple voids (n > 1) in the RVE are of given area. For a prescribed area
of the void, Avoid , the aspect ratio a/b of the superellipse can be used as another independent
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parameter besides the order q and the semi-axis lengths to write Avoid as a function of the gamma
function
(2.3)

The equations above describing void geometry and tessellation pattern are used in the
following to derive the stress and strain fields in the RVE under the following assumptions:
(i) The material domain is unbounded, periodic and subjected to uniform displacement in
the X and Y directions of the global Cartesian system. Stress and strain analysis of the
planar tessellation is thus inferred from to the study of the RVE under periodic boundary
conditions.
(ii) The porosity is considered to be lower than 5%, thereby enabling the adoption of the bulk
material properties of the solid for the RVE. This assumption infers that the interaction of
multiple voids in the RVE is practically negligible.
(iii) The RVE undergoes small deformation and the material behaviour is linear elastic, thus
small strain theory applies to the theoretical derivation.
Figure 1b shows the parallelogram RVE subjected to a generic biaxial displacement u and v
with v = cu. Varying c allows to retrieve uniaxial loading conditions as c = −μ sin(φ), where μ is
Poisson’s ratio. By aligning the horizontal edge of the RVE to the global X axis, we can write the
periodic boundary conditions on its edges as
uR − uL = u2 − u1 , vR − vL = v2 − v1

for left and right

uT − uB = u4 − u1 , vT − vB = v4 − v1

for top and bottom

(2.4)

where the subscripts mark the right (R), left (L), top (T) and bottom (B) edges and four vertices of
the RVE in figure 1b.
To suppress rigid body motion and to model the general case of the existence of shear strain in
the RVE, we apply a set of four homogeneous boundary conditions at node 1, 2 and 4 (figure 1b).
This choice is necessary to capture non-zero shear strains in an RVE tessellated at an angle other
than 90◦ . By contrast, constraining only three degrees of freedom would fail to capture non-zero
shear strains.
⎫
u1 = v1 = 0⎪
⎪
⎬
v2 = 0
⎪
⎪
⎭
u4 = 0.

(2.5)

The strain field in the solid RVE can then be derived for φ = 0. The combination of
equation (2.4) and (2.5) allows the existence of non-zero shear strain in the RVE for φ other
than 90◦
⎫
∂u
u
⎪
⎪
xx =
=
⎪
⎪
∂x L1
⎪
⎪
⎪
⎪
⎪
⎪
⎬
u
∂v
=c
yy =
(2.6)
∂y
kL1 sin(φ)
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
∂u ∂v
u
⎪
γxy =
+
= − cot(φ).⎪
⎭
∂y
∂x
L1
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The assumptions (i) to (iii) also enable us to adopt the plane stress conditions. Multiplying the
constitutive matrix of the linear elastic material with the principal strains in equation (2.7) yields
two principal stresses
⎫
Eu (1 + μ)(c + k sin(φ)) − (1 − μ) c2 − 2kc sin(φ) + k2 ⎪
⎪
⎪
⎪


⎪
σ1 = −
⎪
2
⎪
2kL1 sin(φ) μ − 1
⎬
(2.9)
⎪
⎪
⎪
Eu (1 + μ)(c + k sin(φ)) + (1 − μ) c2 − 2kc sin(φ) + k2 ⎪
⎪
⎪


,⎪
σ2 = −
⎭
2kL1 sin(φ) μ2 − 1
where E and μ are Young’s modulus and Poisson’s ratio of the bulk material.
If we consider the case of uniaxial displacement loading, in the horizontal direction (u), the
vertical displacement can be obtained from u by setting c as −μ sin(φ). Inserting this expression
into equations (2.7) to (2.9) yields

⎫
u k − μ − k2 cot2 (φ) + μ2 + 2kμ + k2 ⎪
⎪
⎪
⎪
σ1 =
⎪
⎪
⎬
2kL1
(2.10)

⎪
⎪
⎪
2
2
2
2
u k − μ + k cot (φ) + μ + 2kμ + k ⎪
⎪
⎪
⎭
σ2 =
2kL1
v1 = −

v2 = −

k+μ−

k2 cot2 (φ) + μ2 + 2kμ + k2
,1
k cot(φ)

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎬

k+μ+

k2 cot2 (φ) + μ2 + 2kμ + k2
,1
k cot(φ)

⎪
⎪
⎪
⎪
⎪
⎪
⎭


⎫
Eu
μ2 + 2kμ + k2 / sin2 (φ) ⎪
⎪
Eu(μ − k)
⎪
⎪
σ1 =
−
⎪
⎬
2kL1 (μ − 1)
2kL1 (μ + 1)
.

⎪
⎪
Eu μ2 + 2kμ + k2 / sin2 (φ) ⎪
⎪
Eu(μ − k)
⎪
⎭
+
σ2 =
2kL1 (μ − 1)
2kL1 (μ + 1)

(2.11)

(2.12)

The rhombus-shaped RVE is a special case obtained by setting k = 1 in the equations above.

...........................................................

The corresponding principal directions can thus be determined as the inverse tangent of the
eigenvectors
⎫
⎪
c − k sin(φ) + c2 − 2kc sin(φ) + k2
⎪
v1 =
,1 ⎪
⎪
⎪
k cos(φ)
⎪
⎬
(2.8)
⎪
⎪
2
2
⎪
c − k sin(φ) − c − 2kc sin(φ) + k
⎪
⎪
v2 =
, 1 .⎪
⎭
k cos(φ)

5
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Solving the eigenvalue problem of the matrix form of equation (2.6) with xy = γxy /2 yields the
principal strain for 0◦ < φ ≤ 90◦ as

⎫
u c + k sin(φ) − c2 − 2kc sin(φ) + k2 ⎪
⎪
⎪
⎪
1 =
⎪
⎪
⎬
2kL1 sin(φ)
(2.7)

⎪
⎪
⎪
u c + k sin(φ) + c2 − 2kc sin(φ) + k2 ⎪
⎪
⎭
2 =
.⎪
2kL1 sin(φ)
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Figure 2. Shapes and stress distribution of optimal elliptical and optimized superelliptical voids for peak stress minimization.
(a) Principal directions and the optimized axis alignment for a superelliptical void. Optimal elliptical voids and their stress
distribution for (b) 0 < σ1 /σ2 ≤ 1, and (c) −1 ≤ σ1 /σ2 < 0. Optimized superelliptical voids and their stress distribution
for (d) −1 ≤ σ1 /σ2 < 0. (Online version in colour.)

(b) Optimized shape of low porosity superelliptical void for mitigation of peak stress
In this section, we first examine the special case of an elliptical void (q = 2) and find in closed form
its optimum shape, i.e. the optimum aspect ratio, and then study numerically the generic scenario
of the optimum shape of a void with q = 2.

(i) Optimized elliptical holes
Equation (2.9) provides the two principal stresses in the RVE, where the void—either elliptical or
superelliptical—is embedded with directions given by equation (2.8). An exemplary RVE under
biaxial loading is shown on the left of figure 2a.
The low porosity assumption enables us to treat the void within an RVE as loaded by σ1 and
σ2 in an infinitely large domain. Theoretical derivation verified numerically (see the electronic
supplementary material S1) have shown the optimal rotation γ for the mitigation of stress
concentration makes the longer semi-axis of the elliptical void aligned with the principal direction
of the larger principal stress, as shown in the right plot of figure 2a. Further results in the next
subsection show this alignment applies to superelliptical voids too.
Under the condition of void alignment with the principal axes, we can now find the optimal a/b
of the elliptical void in closed-form, while the optimized q, and a/b for a superelliptical void are
found numerically in the next sections. For elliptical voids, we consider the stress concentration
factor of an arbitrary rotated void within the RVE as
Kt =

σmax
,
σ2

(2.13)

where σmax is the largest von Mises stress on the edge of the void and σ2 is the larger principal
stresses in magnitude, taken as the reference stress herein.
The theoretical formulae of the optimal elliptical void aspect ratio that minimizes Kt and the
minimum value of Kt (see details of derivation in electronic supplementary material, S1) are given
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principal
direction 1

optimal a/b (-)

s1

by

and

a
=
b ⎪
⎪
⎩√ 1
−σ1 /σ2

⎧
⎪
⎪
⎨1 + σ1 /σ2
 
2
min Kt = 
⎪
⎪
⎩ 1 + − σσ1
2

for 0 <

σ1
σ2

for − 1 ≤
for 0 <

7
≤1
σ1
σ2

σ1
σ2

for − 1 ≤

(2.14)
<0

≤1
σ1
σ2

(2.15)
< 0.

Equations (2.14) and (2.15) are used to generate six plots of stress distributions collected in
figure 2b,c for optimal elliptical voids for the following bi-axial loading cases: σ1 /σ2 = ±1, ±0.5
and ±0.1. From the results, it emerges
(i) For σ1 /σ2 > 0 (figure 2b), the optimal elliptical void can achieve full stress state on the
edge. As per equations (2.14) and (2.15), the optimal a/b is the reciprocal of σ1 /σ2 and
the minimum Kt is a linear function of σ1 /σ2 . The optimal a/b decreases to 1 and the
minimum Kt increases to 2 as σ1 /σ2 approaches 1.
(ii) For σ1 /σ2 < 0 (figure 2c), the maximum stress is attained at the four tips. The results
show that for given magnitude of σ1 /σ2 , the optimal a/b is larger for −1 < σ1 /σ2 < 0 than
for 0 < σ1 /σ2 < 1 because for the former the square root appears in equation (2.14). The
minimum Kt is larger for σ1 /σ2 < 0, and the largest difference is 100% for σ1 /σ2 = −1
when compared with σ1 /σ2 = 1.
(iii) If σ1 /σ2 = 0, the optimal parameters are the limit of equation (2.14) and (2.15) with
a/b = ∞ and Kt = 1. This implies that approaching the uniaxial principal stress makes the
optimal elliptical hole evolve into an infinitely thin slit aligned with the loading direction,
and the maximum von Mises stress on the tip of the crack to converge to the value of the
loading stress.

(ii) Optimized superelliptical holes
For superelliptical void with q = 2, no closed-form solution of the stress field exists on the edge
of a void in an infinite domain. In this section, we first numerically solve the problem for
given geometric parameters, and then optimize the void geometry to find the parameters that
minimize Kt .
A square RVE with φ = 90◦ and ψ = 0.25% is modelled using ABAQUS (SIMULIA, Providence,
RI). The boundary conditions given by equation (2.4) and (2.5) are implemented. Young’s
modulus and Poisson’s ratio of the base material are E = 7.0 × 10+4 MPa and μ = 0.35. After
a convergence test, approximately 15 000 quadratic plane stress elements with local mesh
refinement and curvature control are employed. Further details of the finite-element simulation
are available in the supplementary material S2. The superellipse order q falls in the set of (1.5,
2, 3, 4, 5, 6) and the aspect ratio a/b varies in the set of (1, 2, 4, 10, 20). The rotation angle γ
ranges between −90◦ and 90◦ by an increment of 10◦ . By tuning the ratio c between biaxial
displacement loadings, a series of principal stress ratio can be obtained (see equation (2.9)). A
numerical optimization implemented in Matlab (MathWorks, Natick, MA) on the best result of
the parametric study follows to identify the optimized parameters of the superelliptical void that
minimize stress concentration. The results are plotted in figure 2d plots for the following loading
cases: σ1 /σ2 = −1, −0.5 and −0.1. A number of insights can be drawn from the results and from a
relative comparison of the plots in figure 2c,d
(i) First, the numerical results confirm that the void axis alignment with the principal
directions obtained in the previous section in closed form also holds for general
superelliptical voids.
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Figure 3. Optimized geometries of superelliptical voids for rhombus RVE under uniaxial displacement. (a) Normalized min
values of peak von Mises stress versus tessellation angle for elliptical and superelliptical voids; (b) Rotation angle and aspect
ratio of optimized elliptical voids; (c) Superellipse order and aspect ratio of optimized superelliptical voids. Sketches of voids
magnified for visualization purposes. (Online version in colour.)

(ii) Superelliptical voids with q > 2 can further reduce the stress concentration factor by 18%
to 22% from elliptical voids when σ1 /σ2 < 0.
(iii) Superllitipcal voids with q > 2 features a continuous change of curvature at their edge
reaching a maximum at their corners and zero at their tips. Given the tight relation
between stress concentration and curvature, the ideal full-stress distribution can be better
approximated by a distribution of stress that achieves the full-stress at eight points on the
edge, two around each corner, as opposed to four points only for elliptical voids.
(iv) As σ1 /σ2 reduces from 0 to −1, the optimized a/b reduces and converges to 1 while the
optimized q increases up to 5.
(v) For −1 < σ1 /σ2 < 0, the optimized a/b of the superelliptical void is always larger than the
elliptical counterpart.

(iii) Optimized superellipse in rhombus-shaped representative volume element
To exemplify the application of the above findings to low porosity architected materials with RVE
tessellated in a planar domain, we now study the effect of the tessellation angle γ , and for given
values of γ we find the optimized geometry of the void including superellipse order q and ratio
of semi-axis length a/b. We examine a generic superelliptical void at the centre of a rhombusshaped RVE, with porosity ψ = 0.25%, periodic vectors of equal length, k = 1 (figure 1b), and
under uniaxial displacement loading u. The architected material is made out of a representative
metal with yield stress σy = 275 MPa.
To study the role of tessellation angle, we assume to vary it discretely of 10◦ between the
representative values 30◦ and 90◦ , and consider the resulting seven scenarios for the cases of q = 2
and q > 2, all satisfying the boundary conditions in equations (2.4) and (2.5). We emphasize that
for φ = 90◦ the principal stresses are biaxial (see equation (2.12)), and the ratio of σ1 /σ2 in the RVE
increases from −0.239 at φ = 30◦ to 0 at φ = 90◦ .
Figures 3 illustrates three related plots all emphasizing the role of φ on the x-axis. The
first (figure 3a) shows the peak von Mises stress, here normalized by the yield stress of
the representative metal, for the optimized elliptical and superelliptical void as well as for the
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Figure 4. Experimental set-up used to measure strain fields of low porosity architected materials. ① Test sample; ② Fixture;
③ Horizontal connection tab and steel wire; ④ TA ElectroForce 3510 Test Instrument; ⑤ Write Light; ⑥ CCD camera and ⑦
Displacement fields of fixtures and test sample (unit in mm). (Online version in colour.)

reference circular void, each reported for given φ. The second and the third (figure 3b,c), illustrated
their corresponding optimized parameters, i.e. rotation angle, aspect ratio and superellipse order.
From a comparison of the results in figure 3a, we observe that the decrease of the peak stress
achieved by the superelliptical family is outstanding: an optimized elliptical void can achieve at
least 31.8% of decrease of peak stress (at φ = 30◦ ) from its circular counterpart, and an optimized
superelliptical void can even reach 45.4% decrease at φ = 30◦ . Furthermore, the effect of the
optimized superelliptical order for q > 2 is more significant for a smaller φ, as the value of σ1 /σ2
is even lower than zero, and the optimized q = 2 when σ1 /σ2 = 0. As per the void rotation, the
values of the optimized a/b in figure 3b match exactly the theoretical value of equation (2.11) and
demonstrate the alignment of the void with the principal directions. With regard to the ratio of
the void axes, the optimized a/b in figure 3b increases with the decrease of φ and the values are in
agreement with the predictions obtained by using equation (2.14) for −1 ≤ σ1 /σ2 < 0.
For superelliptical voids with q > 2, the optimized values of γ for each φ are identical to those
of the elliptical voids, hence only the set of the latter are displayed in figure 3c. Here, the evolution
of the optimized q and a/b shows that for σ1 /σ2 even smaller than zero, i.e. for decreasing φ,
the optimized q gets even larger than 2, and can be up to 5; by contrast, the optimized a/b
decreases with a decrease of φ. A comparison between figure 3b,c manifests that the a/b of
optimized superelliptical void is always larger than that of the optimized elliptical baseline, but
the difference tends to vanish as φ increases to 90◦ . For σ1 /σ2 = 0 at φ = 90◦ , the optimized a/b is
20, reaching the upper bound set in the approximation of infinity for the numerical solution.

3. Fabrication and test procedure
(a) Description of sample fabrication and mechanical testing
To validate the research findings both from theory and computation, a digital image correlation
system of a charge-coupling device camera and the DIC correlation software Vic-2D (Correlate
Solution Inc.) was used to measure the strain field of eleven representative samples. Their
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3

9

royalsocietypublishing.org/journal/rspa Proc. R. Soc. A 477: 20200864

disp.
(mm)
4.7

Each sample was first subject to a pre-tension of 50 N and then loaded to 300 N. The preloading
was applied to remove initial gaps and tighten the tester grips to the sample. The configuration
of the sample under a given loading was selected as the reference for the DIC measurement
capturing the deformation from 50 N to 300 N.
For parallelogram samples with φ = 90◦ , the boundary conditions in equations (2.4) and (2.5)
are demanding to implement in a real setting. For this reason, we designed a special rig of
trapezoidal fixtures and horizontal connection tabs (figure 4) to provide transverse fixation on
the lateral sides of the sample. While the rig allows to accommodate the biaxial principal stress
field of equation (2.12) for samples with φ = 90◦ , in our testing it was sufficient to apply only a
uniaxial load at the end of the sample. For a detailed description of the test set-up, see electronic
supplementary material, S3.

4. Validation results and comparison with numerical simulations
The tests were separated into four groups. Group I examines the effect of the aspect ratio. Group
II addresses the effect of rotation of voids to illustrate the importance of the alignment with the
principal direction. Group III investigates the impact of superellipse order on the strain pattern.
Group IV focuses on the relative rotation between two voids in the RVE and its influence on the
peak strain. The raw data from DIC were the displacement and strain fields of the sample. The
principal strain around the centre void was selected as the metric for comparison of simulation
versus test results.
The samples of Group I were fabricated with the following parameters φ = 90◦ , q = 2, a/b =
1 and 4, 10. For φ = 90◦ , the loading creates a uniaxial principal stress in the sample and
the alignment to the principal direction is obtained by laying the long semi-axis of elliptical
voids along the loading direction. Additional set of finite-element models (ABAQUS; SIMULIA,
Providence, RI) of the as-built sample with three-dimensional geometry were created and meshed
by quadratic brick elements with local refinement. The material response was assumed as linear
elastic with E = 4200 MPa and μ = 0.4 available from the manufacturer of the raw material.
Additional details on this set of finite-element models for as-built samples are reported in
electronic supplementary material, S2.
Figure 5a,b shows the results of test measurements along with a comparison between
simulations and test results for Group I under uniaxial displacement loading on an RVE with φ =
90◦ . Presented in the contour plot figure 5a, the numerical results confirm that aligning elliptical
holes with the principal directions is the best choice for the mitigation of stress concentration. In
addition, the three sample configurations marked in the contour plot (figure 5a), each with its own
sketch on the top, were fabricated and tested. Their numerical and testing results are shown in
figure 5b. The comparison of the strain distribution on the edge of the centre void between them
demonstrates a very good match for all three samples. The peak strain is always observed at the
tips of the short semi-axis and the pattern is symmetrical. Both the experimental and simulation
results confirm the trend, we obtain from the theory in the loading case of uniaxial stress: the
peak principal strain reduces as a/b increases. Quantitively, the simulation results are uniformly
higher than the tests by no more than 30%. This can be attributed to the accuracy of the test setup: DIC cannot measure a small margin on the edge of the void as observed in all samples, and
the strain/stress field decays away from the edge [50], resulting in a smaller measured value.
The width of the margin differs among samples and cannot be accurately estimated, and the rate

...........................................................
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geometry is shaped into a parallelogram of tessellation angle φ with length of 90 mm and width of
50 mm. All test samples were made of 0.318 mm thick glycol modified polyethylene terephthalate
(PETG) and were laser cut by TROTEC Laser GmbH (Austria). A 3 by 3 pattern of voids of 2%
porosity was set at the central portion of the sample. Prior to testing, the samples were coated in
white paint and then a fine pattern of black paint was added by an air sprayer for contrast.
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Figure 5. Contour plots of FE simulation results and comparison with test results showing the effect of a/b, q, γ and δ, test
samples are marked by the symbol ‘x’ in red. (a) Contour plot of peak von Mises stress from FE simulation of a/b versus q,
γ = 0◦ , φ = 90◦ . (b) Group I: variation of a/b, q = 2, γ = 0◦ , φ = 90◦ . (c) Contour plot of peak von Mises stress from FE
simulation of γ versus φ, a/b = 10, q = 2. (d) Group II: variation of γ , a/b = 10, q = 2, φ = 50◦ . (e) Contour plot of peak
von Mises stress from FE simulation of a/b versus q, γ = −15◦ , φ = 50◦ . (f ) Group III: variation of q and a/b, γ = −15◦ ,
φ = 50◦ . (g) Contour plot of peak von Mises stress from FE simulation of γ versus δ, a/b = 10, q = 2, φ = 50◦ . (h) Group
IV: variation of δ, a/b = 10, q = 2, γ = −15◦ , φ = 50◦ . (Online version in colour.)
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The research findings above for the minimization of peak stress on the edge of superelliptical
voids in planar RVE can be ideally extended to address arbitrary planar tessellations. Varying
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in low porosity architected materials
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of strain/stress decay is dependent on the shape of the void, thereby explaining the difference
in percentage errors. The accuracy of DIC is also sensitive to spot size and spot density on the
sample and the specifications of the hardware, yet these play a minor role in this work.
Group II consists of three samples with φ = 50◦ , q = 2 and a/b = 10. The angle of rotation varies
among them such as γ = −12◦ , −15◦ and −16◦ respectively. The actual tests were performed by
incrementing γ by 1◦ until the identification of the optimized value that corresponded to the
minimum principal strain; therefore the three cases presented herein are representative. The ridge
of the optimized γ that minimizes the peak stress for each φ in the contour plot of figure 5c
corresponds to the principal direction predicted by equation (2.11). Figure 5d shows a good
match of the strain pattern for each case. The optimized rotation angle is γ = −15◦ , an angle
at which the location of the peak strain is symmetric about the long axis of the elliptical void.
Any deviation from it, even by 1◦ , causes a shift in the peak strain, thereby spoiling symmetry
and generating an increase of the peak strain value. The theoretical prediction of the optimized
γ is −15.9◦ by equation (2.8), which only differs by 0.9◦ . The tests and simulations of Group II
verify the alignment of the void with the principal direction for stress/strain minimization and
support the validity of the closed form expression derived for the principal direction. The ∼ 30%
error observed from the DIC measurement, which may underestimate the magnitude of the peak
strain, still exists, and the reasons can be attributed to those discussed above for Group I.
Group III is the direct comparison of a set of optimized void shapes for φ = 50◦ .
More specifically optimized elliptical voids with q = 2, a/b = 4 (figure 3b) versus optimized
superelliptical voids with q = 4, a/b = 10 (figure 3c). Figure 5e shows the contour plot of
representative geometries with varying a/b, q for given φ = 50◦ . As per the value of γ , we note that
the samples were manufactured with γ = −15◦ , the value of void rotation found from the results
of Group II, as opposed to −15.9◦ which is the theoretically obtained value. From the comparison
of the strain patterns in figure 5f, we evince the superiority of superelliptical voids. The test results
suggest that the superelliptical void (right) can achieve 7.2% lower peak strain than the elliptical
counterpart (left), while the simulations indicate that the decrease can be 10%. Both tests and
simulations manifest that the superelliptical void can reach the peak strain at locations near its
four corners (although not perfectly symmetric due to the imperfect implementation of boundary
conditions). On the other hand, for the elliptical void the peak strain can localize at the tips of
the short axis only. The test measurements are approximately 20% smaller than the simulation
results. In summary, also for this group of tests the DIC measurements verify our arguments
on the optimized orientation, superellipse order and aspect ratio for the minimization of stress
concentration.
Group IV further investigates the effect of multiple voids in one RVE. Assuming all voids are
congruent and sufficiently spaced from each other to minimize mutual interaction at low porosity,
the only variable that pertains is δ, the relative rotation between two voids in the RVE (figure 1a).
To study the effect of δ, we fabricate samples with φ = 50◦ for three representative geometries
sharing the parameters q = 2, a/b = 10, γ = −15◦ , and differing for δ = 0◦ , 30◦ and 90◦ . These are
marked in the contour plot of figure 5g. The results in figure 5h shows that the peak strain is
sensitive to the relative rotation of voids; it nearly doubles when δ increases from 0◦ to 30◦ and
further enlarges at δ = 90◦ . To minimize the peak strain, multiple low-porosity voids should be
identical with respect to translation. Also here we observe a very good qualitative match of the
strain patterns. The quantitative error increases as δ deviates from 0◦ and approaches 90◦ . Finally,
we note that the experimental results of this last group of tests are also representative of other
types of tessellation, e.g. hexagonal patterns, as explained in the next section.

Table 1. Summary of parameters and reduction of peak von Mises stress of void shapes for tessellations with φ = 60◦ and
ψ = 0.25% in figure 6.
no. of voids

difference of

void
q = 3.5

void
q=2

in the RVE
1

σvmMax
−59%

......................................................................................................................................................

a/b = 15.4

a/b = 1

2

−59%

......................................................................................................................................................

γ = −11.7◦

γ =0

3

−59%

q=2

q=2

1

−33%

..........................................................................................................................................................................................................

u = 0, v = 0.43u

......................................................................................................................................................

a/b = 1.65

a/b = 1

2

−33%

......................................................................................................................................................

γ = −24.6◦

γ =0

3

−33%

..........................................................................................................................................................................................................

the tessellation angle φ, the edge length ratio k and the number of voids in the RVE n enables to
represent a large set of tessellations. For example, for φ = 60◦ we can retrieve a family of classical
and widely applied tessellations including triangular, hexagonal and Kagome tessellations. What
is specific to each of them, however, is n, the number of voids in the RVE, respectively one, two
and three, as shown in the RVEs indicated in blue in figure 6.
We now focus on a representative tessellation defined by φ = 60◦ and discuss the role of n in the
RVE. The relative positions of the centres of voids in the RVE are determined by the geometry of
the tessellation; here we assume that multiple voids in the RVE have identical geometry except for
their relative rotations (figure 6). We study the effect of void number through numerical analysis
and optimization along with validation experiments for RVE of 0.25% porosity under two load
cases: (i) uniaxial horizontal displacement and (ii) biaxial tension, defined by v = 0.43u.
The optimized voids for each tessellation under each load case are juxtaposed in figure 6.
Figure 6a–d pertain to the uniaxial displacement load case, while the others, (figure 6e–h)
correspond to the load case of biaxial displacement. The circular void in the triangular tessellation
is here selected as the reference. The key observation from all cases in the figure 6 is that for
the minimization of peak stress in low-porosity planar architected materials, the result is not
sensitive to the number of voids in the RVE. This is due to the small value of porosity, ruling out
void interaction. For the mitigation of stress concentration, the triangular, hexagonal and Kagome
tessellations all need to respect the optimized values of q, a/b and γ found in §2, despite their
difference of n from 1 to 3; their values of peak stress are also equal.
For the uniaxial displacement loading case, σ1 /σ2 = −0.042, and the optimized shape
approaches a long and narrow superelliptical void (figure 5b–d). In addition, the values of their
γ matches the predictions obtained from equation (2.8). The accompanying colour bar visualizes
the peak von Mises stress normalized by the yield stress. By comparing the results in figure 6, we
observe the following. The optimized void shape yields a 59% decrease of the peak stress from
that of the reference circular void.
For the biaxial tension case, σ1 /σ2 = 0.605, and the optimized shape is an elliptical void, as this
can reach the full-stress distribution everywhere on the edge. Also for this case, the optimized
γ equals the theoretical prediction, and the decrease of the peak stress is 33%. To summarize
the results of the two examples, the parameters of the optimized and reference voids along with
the reduction of peak von Mises stress are provided in table 1. Examples herein together with
those in figure 3 demonstrate that the adoption of optimized shapes for super-elliptical voids in
low-porosity planar tessellations can significantly decrease the amount of stress concentration to
values below those yielded by traditional circular voids.
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Figure 6. Comparison of peak stress between tessellations in the family of φ = 60◦ . (a) Triangular tessellation, circular
voids under uniaxial displacement. (b) Triangular tessellation, optimized superelliptical voids under uniaxial displacement.
(c) Hexagonal tessellation, optimized superelliptical voids under uniaxial displacement. (d) Kagome tessellation, optimized
superelliptical voids under uniaxial displacement. (e) Triangular tessellation, circular voids under biaxial displacement. (f )
Triangular tessellation, optimized superelliptical voids under biaxial displacement. (g) Hexagonal tessellation, optimized
superelliptical voids under biaxial displacement. (h) Kagome tessellation, optimized superelliptical voids under biaxial
displacement. (Online version in colour.)
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Table 2. Summary of optimized parameters of a (super)elliptical void and Kt for the range of loading conditions: −1 ≤
σ1 /σ2 ≤ 1.
Superelliptical void

σ1 /σ2
1.0

a/b
1.00

Kt
2.00

σ1 /σ2
−1.0

a/b
1.00

0.9

1.11
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−0.9
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3.01

0.8
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0.1
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4.0
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The findings presented in this paper can be generalized in compact form to provide guidelines
of broad application for low-porosity architected materials with planar tessellation. The following
are procedural steps for the minimization of stress concentration, here categorized with respect
to the number of voids present in the RVE.

(a) Tessellations with single void in the RVE
(i) Determine the principal directions and the principal stresses by using equation (2.8) and
(2.9) with the properties of the solid material and the RVE.
(ii) Align the long axis of the void with the principal direction of the larger principal stresses
in magnitude. Failing to do so can result in a large increase of peak stress, even when
the deviation from this optimal condition is small. For example, the worst-case scenario
of our investigation shows that by perturbing of only one degree the optimized elliptical
hole with a/b = 20 and φ = 90◦ , we can incur in a 5.4% increase of stress. The increase goes
up to 126% for a mere 5 degree deviation.
(iii) Select the optimized geometric parameters of the (super)elliptical voids for given loading
conditions, as tabulated in compact form in table 2. For q = 2 (elliptical voids), the values
are determined using equation (2.14) and (2.15). For q > 2 (superelliptical voids), the
optimized parameters are determined numerically. The results show that for σ1 /σ2 >
0, the optimal elliptical void renders a full-stress state; if σ1 /σ2 < 0 the optimized
superelliptical voids can approximate the full-stress state better than the elliptical ones.
The additional decrease of peak von Mises stress can be 18% to 22% as σ1 /σ2 approaches
−1. The optimized a/b of superelliptical void for σ1 /σ2 < 0 is close (difference < 12%) to
the optimized a/b of the elliptical void for σ1 /σ2 > 0 with the identical absolute value.
Furthermore, as σ1 /σ2 decreases to −1, the order of the optimized q for the superelliptical
void increases to 5.

(b) Tessellations with multiple voids in the representative volume element
(i) For very low porosity, e.g. below 5%, the interaction between voids in the RVE can be
neglected (figure 6). For this reason, the results presented above in point (iii) still hold for
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This paper has examined generic planar tessellations of superelliptical voids in a low-porosity
domain under biaxial displacement loading. Theoretical derivations and numerical simulations
have identified the optimized geometric parameters of superelliptical voids for the mitigation
of stress concentration. Upon the alignment with the principal direction corresponding to the
largest principal stress, optimized superelliptical voids can more significantly reduce the peak
stress than circular voids by achieving full-stress at multiple locations on the edge of the void.
DIC tests validate the results with satisfactory level of agreement. The findings presented herein
augment the classical theory of stress concentration by delivering important principles on the
role of void shape and inclination, as well as tessellation, in the stress distribution of low-porosity
architected materials. Finally, general guidelines have been proposed for the mitigation of failure
with recommendations that are suitable for a broad range of engineering applications.
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