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A B S T R A C T   

This paper presents a gradient-based framework to optimize the film-cooling performance of heat bearing 
components in gas turbines. We examine a representative periodic component with very low porosity (below 1%) 
and optimize the shape of an inclined hole on the wall of a combustor for maximum cooling effectiveness, here 
defined as the normalized average decrease of downstream temperature. The shape boundary of the hole is 
parameterized using the coordinates of its control points here describing the design variables. Geometric con
straints are introduced on the void area, symmetry relations and relative motion between planes along the line of 
extrusion. The cooling effectiveness is numerically evaluated through a RANS (Reynolds-Averaged Navier- 
Stokes)-based computational fluid dynamics (CFD) analysis. The Method of Moving Asymptotes (MMA) is 
adopted as the optimizer, with gradients computed using the adjoint method. Nine case studies with initial hole 
geometry of circular and elliptical shape as well as various inclination angles converge to a family of V-shapes 
that achieve more than 120% increase in cooling effectiveness. The automation of the workflow presented in this 
paper can be implemented in CFD-based optimization of other single and multi-objectives problems.   

1. Introduction 

Widely used in gas turbines, film cooling is an effective strategy to 
actively regulate the temperature of a component and protect it from the 
hot mainstream gas [5]. In film cooling, the cool air is injected on the 
surface to provide a protective film which helps maintain an acceptable 
temperature level on the surface, guarding the turbine component from 
failure. The efficiency of film cooling is strongly influenced by the shape 
of the injection hole, among other factors including blowing ratio, 
density ratio of coolant to hot gas, and turbulent intensity of free stream. 
Tailoring the shape boundary of the cooling hole has been shown 
effective in improving film-cooling efficiency [1,6,7,12–15,19,21,22, 
30–32]. 

The typical goal of the film-cooling problem in gas turbines is to 
optimize the geometry of the hole for maximum cooling effectiveness. 
Depending on the size of the problem, which is determined by the 
number of design variables defining the hole shape, various algorithms 
have been applied in the literature. Both evolutionary and gradient- 
based algorithms have been used for shape optimization of film 

cooling problems. The former rely on random perturbations of a single 
or a population of designs, which are updated with respect to a certain 
evolution criterion [27]. They usually do not require the evaluation of 
the gradients and can possibly avoid trapping into a local optimum; yet 
the number of objective function evaluations to perform can be very 
large, especially when the number of design variables increases, thus 
limiting their use in CFD-based optimization. Gradient-based algo
rithms, on the other hand, require the computation of the gradients or 
sensitivity of the objective function with respect to the design variables 
for the iterative update of a design solution, and the optimized designs 
are often local optima [20]. Their computational cost for small scale 
problems, where the gradient can be solved numerically using 
finite-difference or more efficient schemes, e.g. optimality conditions of 
the Lagrangian function, is well below than that required with evolu
tionary algorithms. Efforts exist in the literature to improve the tradeoff 
between accuracy and overhead, as reported in a recent review on 
aerodynamic shape optimization [26]. These include mixed algorithms 
using a bi- or multi-level approach that involves first the development 
and then the optimization of a CFD-based surrogate model [10]. While 
surrogate models do contribute to lowering the computational cost, their 
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accuracy might not be always satisfactory. 
It has been shown that intuitive design modifications of cooling holes 

can significantly enhance the film cooling performance. These ap
proaches do not involves any optimization formulation; rather they 
resort to basic design alterations of standard cylindrical holes, typically 
obtained by enlarging the exit area [14], switching the injection pattern 
[15,22], adopting multi-level network or curved shape through the 
thickness [6,32], and utilizing staggered pattern [1]. Sequential pro
gramming has been recently used to optimize the film-cooling of a 
fan-shaped hole with geometry described by three variables, the injec
tion angle, the lateral expansion angle and the ratio of 
length-to-diameter [12]. A fourth variable, i.e. the forward expansion 
angle of the hole, was then considered in a subsequent work [13]. For 
the cooling system design of a gas turbine blade, the locations and radii 
of a series of circular holes was optimized using a genetic algorithm (GA) 
and a conjugate heat transfer approach [21]. GA was also used to 
optimize the nonuniform impingement cooling of variable-diameter jet 
holes [7]. Another application of GA was the film-cooling optimization 
of fan-shaped holes in a rotating blade with three design variables [19]. 
More recently, a surrogate model using a radial basis function neural 
network was coupled with GA to optimize the film-cooling optimization 
of a fan-shaped hole [30]. A common feature of the above contributions 
is the low number of design variables, e.g. the radius of a circular hole, 

or the small size of enumeration, factors that favor the use of evolu
tionary algorithms [7,19,21] or mixed algorithms through surrogate 
modeling [12,13,30]. A recent work employed a gradient-based algo
rithm to optimize the 2D shape of the internal cooling passages in a 
guide vane modeled by Bazier curves [31]. This approach models the 
shape boundary of the hole with a smaller number of design variables for 
less computationally costly finite element method. Despite promising, 
this work cannot capitalize on the greater gain in film-cooling perfor
mance that could be obtained by parametrizing the shape boundary of 
the hole with a larger number of design variables capable of describing 
any generic shapes. 

This work focuses on the shape optimization of a single cooling hole 
whose shape boundary is parameterized through the coordinates of the 
control points. We adopt a gradient-based scheme to handle a larger 
number of design variables, about ten times larger than that in previous 
studies using evolutionary or mixed algorithms, [12,13,19,30]. Distinct 
from others using a similar approach [31], our work allows greater 
variation of the hole, whose shape boundary is described by the co
ordinates of its control points rather than the design variables of certain 
families of curves. The adjoint method [2,4,8,11] is here implemented 
with a discrete formulation, where the augmented cost function is dis
cretized before variations are taken, as opposed to a continuous 
formulation, where the adoption of different levels of truncation error 

Nomenclature 

Acronyms 
CFD Computational Fluid Dynamics 
FFD Free Form Deformation 
MMA Method of Moving Asymptotes 
RANS Reynolds Averaged Navier Stokes 
RBF Radial Basis Function 
SST Shear Stress Transport 

Greek symbols 
α Extrusion angle [�] 
η Cooling effectiveness [� ] 
ρ Cooling air density [kg=m3] 
ν Kinematic viscosity of the fluid [m2=s] 
τw Wall shear stress [N=m2] 

Roman symbols 
_m Mass flow rate through the hole [kg=s] 

A Area [m2] 
CD Discharge coefficient [� ] 

DR Density ratio [� ] 
M Blowing ratio [� ] 
Ma Mach number [� ] 
P Pressure [Pa ] 
Pr Cooling performance [� ] 
Re Reynolds number [� ] 
T Temperature [K] 
TI Turbulence intensity [� ] 
V Velocity [m=s] 
y Height of the first cell from the wall [m] 
yþ Normalized wall coordinate [� ] 

Subscripts 
cold Cold wall 
hole Hole 
hot Hot wall 
jet Jet flow into the hole 
wall Hot wall area 
wallavg Area average of the hot wall  

Fig. 1. Temperature distribution on the lateral mid plane of the hot and cold walls.  
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might degrade results accuracy [25]. Section 2 of the paper presents the 
problem formulation along with the definition of the objective function 
and design variables, as well as the implementation of constraints. 
Section 3 explains the optimization framework with a description of the 
numerical solvers and the grid deformation technique. Section 4 shows 
the optimization results for multiple case studies, followed by a dis
cussion that compares the relative cooling performance of the optimized 
hole shapes. The last section concludes the paper with a set of sugges
tions for future work. 

2. Problem formulation 

2.1. Objective function and design variables 

Fig. 1 shows a typical temperature pattern generated by film cooling 
on a hot wall. The downstream temperature drops significantly near the 
hole of the inlet secondary cooling air, while it recovers at a certain 
distance away from the hole. 

The performance of the film cooling can be assessed through the 
cooling effectiveness, a normalized measure of the temperature 

reduction on the adiabatic hot wall. The cooling effectiveness is calcu
lated as 

η¼
Thot � Twallavg

Thot � Tcold
(1)  

Twallavg is taken as the average over the entirety of the hot wall. The 
cooling effectiveness is used to determine the thermal performance of 
the shape. Values of η ¼ 1 indicate that the cooling has reached its 
maximum potential of the cold flow. High values of η typically occur 
directly downstream of the injection holes, and η drops until the hot wall 
recovers the freestream hot temperature (η ¼ 0) further away from the 
hole. The goal is then to maximize η, and it is customary to formulate the 
optimization problem as a minimization one, i.e. the merit function of 1=
η is adopted as objective function. 

For this application, the cooling effectiveness is not the only metric of 
interest. For turbine applications, it is generally desirable to reduce the 
mass flow rate of cooling air through the hole to reduce the amount of air 
that is bled from the combustion process. This metric is non- 
dimensionalized by considering the discharge coefficient, CD (dimen
sionless), which is calculated as follows: 

CD¼
_m

Ahole
ffiffiffiffiffiffiffiffiffiffiffiffi
2ΔPρ
p (2) 

In this work, a combined dimensionless metric with the cooling 
effectiveness and discharge coefficient is used to evaluate the efficiency 
of each hole design. The metric, Pr, is computed as follows: 

Pr ¼
η

CD

Awall

Ahole
(3) 

In this paper, the metric will be referred to as the cooling perfor
mance. It is a normalized parameter that can also be used to directly 
compare different geometries. 

Fig. 2 illustrates the shape of the inclined hole. As shown in Fig. 2 (a), 
the hole is generated by extruding the shape of the in-plane cross-section 
through the thickness of the wall. Fig. 2(b) is a zoom-in of the hole ge
ometry here described by the coordinates of the control points in the x-y 
plane and by m cross-sections evenly distributed through the thickness 
of the wall. A difference from previous works [12,13,19,30] is that the 
lateral expansion is not included in the extrusion, because the technol
ogy (laser cutting) adopted by the industrial partner limits the hole 
generation to extruded shapes only; hence the m cross-section shapes are 
congruent in a given hole. 

As per the definition of the constraints, a number of conditions apply. 
First the cooling hole area should remain constant, a condition that 
translates to a prescribed value of porosity, denoted by Ck for each of m 
cross-sections. In addition, the shape of the hole in the x-y plane should 
be symmetric about the x axis, hence symmetry relations are enforced on 
every cross-section. The above constraints are casted into the following 
problem formulation 
8
>><

>>:

min
xp

1=η
subject ​ to Ck ¼ 0

Hk ¼ 0
xp;k � xp;k � xp;k; k ¼ 1;…;m

(4)  

where η ¼ ηðxpÞ is the cooling effectiveness function, xp is the vector of 
the design variables, Ck ¼ Areak � Area0 and Hk are the geometric 
constraints on the cooling area and shape relation symmetry, xp;k and xp;k 

are the lower and upper bounds for the design variables respectively, 
enforced on the k-th of m cross-sections along z-direction in Fig. 2(b). 

2.2. Implementation of constraints 

The symmetry constraint of the hole shape is proposed by the in
dustry partner for the consideration of laser cutting technology. Fig. 3 

Fig. 2. Shape description of the inclined hole: (a) Side view of the material wall 
with the in-plane shape of the hole, (b) Side view of the inclined hole with its 
control points at each section. 

Fig. 3. Symmetry constraint of hole shape in x-y plane about x axis.  
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shows the symmetry condition of a hole shape in the x-y plane about the 
x axis, where i and j represent a pair of reflected control points. We use 
ðxi; yi; ziÞ to describe the original position of a general control point i, and 
ðxi’; yi’; zi’Þ for its new position. The control points of the initial in-plane 
shape on the left of Fig. 3 are symmetric with respect to the x axis. To 
preserve mesh deformation symmetry in the x-y plane, we imposed the 
condition: 

Hk ¼ 0⇒

0

@
xi � xj
yi þ yj
zi � zj

1

A

k

¼

0

@
0
0
0

1

A

and

0

@
xi’ � xj’
yi’ þ yj’
zi’ � zj’

1

A

k

¼

0

@
0
0
0

1

A k ¼ 1;…;m

(5) 

Because the congruency of all m cross-sections in Fig. 2(b) imposes 
equal in-plane shift of the control points, the number of independent 
design variables reduces significantly. 

The constraint on the area of the hole is expressed in a relaxed form 
through the inequalities 

Area0ð1 � ε1Þ�Areak � Area0ð1þ ε2Þ (6)  

where ε1 and ε2 are relaxation parameters, e.g. 0.05. 
The linear extrusion of the hole at an inclination angle α imposes a 

further constraint on the control points of each cross-section shape. As 
illustrated in Fig. 4, although changes in the inclination angle are 
allowed, the control points between cross-sections should remain 
collinear. This translates into a constraint on the z coordinate of the 
control points zj ¼ zj’. 

The set of constraints on the x, y and z coordinates of the control 
points is thus given by: 
8
>>>>><

>>>>>:

z2 � z1

x2 � x1
¼⋯ ¼

zi � z1

xi � x1
¼⋯ ¼ tanðαÞ

z2’ � z1’

x2’ � x1’
¼ ⋯ ¼

zi’ � z1’

xi’ � x1’
¼⋯ ¼ tanðα’Þ

y1’ � y1 ¼⋯ ¼ yi’ � yi ¼⋯ ¼ Δdy

(7)  

where α’ is the inclination angle after the shift of the control points and 
Δdy the increment of the y-component. 

If the inclination angle is given, Eq. (7) simplifies to: 
8
<

:

x1’ � x1 ¼⋯ ¼ xi’ � xi ¼⋯ ¼ Δdx
y1’ � y1 ¼⋯ ¼ yi’ � yi ¼⋯ ¼ Δdy
z1’ � z1 ¼⋯ ¼ zi’ � zi ¼⋯ ¼ 0

(8)  

where Δdx is the increment of the x-component. 

3. Optimization framework 

Fig. 5 illustrates the shape optimization flowchart for cooling effec
tiveness, which is automated through a Python script. First the flow 
solver determines the flow variable U of the Navier-Stokes equations and 
evaluates the objective function, i.e. the cooling effectiveness. Then U is 
passed to the discrete adjoint solver that solves the Lagrangian multi
plier Λ required to evaluate the sensitivity of U with respect to the design 
variables xp. The method of moving asymptotes is used to update the 
design variables, i.e. the coordinates of the control points [28,29]. To 
avoid the computational cost of remeshing, the shift of the control points 
governs the deformation of the finite volume mesh. The update of the 
mesh grid points is performed in two steps: a volume spline interpolation 
of the control points is used to update the surface of the hole, and Radial 
Basis Functions (RBF) are used to update the volume mesh enclosed by 
the hole shape. A module for mesh quality control follows the RBF 
interpolation to repair distorted elements with large deformation. 

3.1. Numerical analysis 

This section describes the elements that underpin the CFD simula
tion: flow solver, adjoint solver and mesh deformation. Among those, 
the key component is the discrete adjoint solver, which reduces the cost 
of the gradient evaluation, because it is practically independent from the 
number of design variables, as opposed to other methods that use finite- 
difference or complex step. 

Fig. 4. Shift of the control points.  

Fig. 5. Flowchart of the film-cooling optimization framework.  
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3.1.1. Flow solver 
The flow solver solves the compressible Reynolds-averaged Navier- 

Stokes equations with a cell-center based finite volume discretization on 
hybrid grids of prismatic, pyramidal, hexahedral and tetrahedral ele
ments (see Fig. 6). The Navier-Stokes equations for the three- 
dimensional case can be written in conservative form as 

∂
∂t

Z

V

UdV ¼ �
Z

∂V

F⋅ndS (9)  

where U is the vector of the conserved variables. V denotes an arbitrary 
control volume with the boundary ∂V and the outer normal n. The flux 
density tensor F consists of inviscid and viscous contributions flux 
vectors in the three coordinate directions: 

F¼
X3

i¼1
ðFc;iþFv;iÞ⋅exi (10) 

As for the discretization, the temporal change of the conservative 
variables U can be related to the flux over the control volume boundary 
∂V and derived from Eq. (9) as 

Fig. 6. CFD model of a circular hole with α ¼ 45�, L ¼ 5mm: (a) Side view with four markers of the boundaries of the solution domain, (b) Top view with six markers 
of the boundaries of the solution domain, (c) Finite volume mesh. 

Table 1 
Boundary conditions for CFD simulations.  

Boundary Type Vðm =sÞ Total P ðPaÞ Total T ðKÞ

1 Stagnation inlet � 84509 800 
2 Pressure outlet � 78558 800 
3 Velocity inlet 60 � 1600 
4 Pressure outlet � 4510a 1600 
5 Periodic � � �

6 Periodic � � �

a Static Pressure. 

Fig. 7. CFD model of a circular hole with α ¼ 45�, L ¼ 5mm: cut view of the 
simulation mesh showing the prismatic layer. 
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∂
∂t

U
Z

V

dV ¼ �
Z

∂V

F⋅ndS in D (11) 

For a control volume fixed in time and space, Eq. (11) can be written 
as 

V
∂U
∂t
þRðUÞ ¼ 0 in D (12)  

where V is the volume of the control volume, RðUÞ is the residual 
comprised of the convective and dissipative fluxes, and D is the 
computational domain. 

The spatial discretization of convective flux of this work is the Roe 
scheme [23]. The time integration is an implicit backward Euler scheme. 
For turbulence modeling, the Menter’s Shear Stress Transport (SST) 
model [18] is adopted. The transport equation for the turbulence kinetic 
energy (K) and the specific dissipation of turbulence (ω) read in differ
ential form [18]. The spatial discretization of the two equations K and ω 
is decoupled from Eq. (9). After numerical testing, we selected five 
layers of the mutltigrid mesh to accelerate the convergence of the RANS 
solution. 

3.1.2. Adjoint solver 
In this work, the cost function I is 1=η, the reciprocal of the cooling 

effectiveness defined by Eq. (1). The gradient of the cost function I ¼
IðUðxpÞ;xpÞ, where U is the vector of the flow variables that depends on 
the design variables xp, is given by 

dI
dxp
¼

∂I
∂xp
þ

∂I
∂U

∂U
∂xp

(13) 

To determine the sensitivity term ∂U=∂xp, the flow solution has to be 
usually computed for each design variable, a requirement that can 
become computationally expensive for a large number of variables. On 
the other hand, the adjoint approach decouples the gradient calculation 
of the cost function I of the flow variables U through the definition of the 
following Lagrangian function L: 

L
�
U
�
xp
�
; xp;Λ

�
¼ I
�
U
�
xp
�
; xp
�
þ ΛT R

�
U
�
xp
�
; xp
�

(14) 

Fig. 8. CFD model of a circular hole with α ¼ 45�, L ¼ 5mm: the distribution of 
yþ of the computational mesh of the hot wall. 

Table 2 
Main characteristics of the simulations in the mesh sensitivity study.  

Run Grid Number of Cells Vjetðm =sÞ M CD  η 

A C 105387 80.58 2.68 0.73 0.0186 
B M 145228 81.06 2.70 0.74 0.0184 
C F 501679 80.84 2.69 0.73 0.0169  

Table 3 
Operating conditions of the CFD simulations.  

Physical quantity    

Kinematic viscosity of the fluid ν 1:716� 10� 5  ðm2 =sÞ
Hole diameter d 5:0� 10� 4  ðmÞ

Inlet velocity Vhot  60 ðm =sÞ
Inlet velocity (target velocity) Vcold  30 ðm =sÞ
Turbulence intensity TI  0.01 ð–Þ

Fig. 9. Definition of the different velocities and mass densities for the 
description of the flow. 

Table 4 
Parameter descriptions of the numerical studies.   

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 

Initial Shape Circular Circular Circular Circular Elliptical Elliptical 
Inclination Angle α � 45� α � 45� α0 ¼ 45� α0 ¼ 45� α0 ¼ 45� α0 ¼ 45�

Area Constraint ε1 ¼ ε2 ¼ 0:05  ε1 ¼ 1:0; ε2 ¼ 0:05  ε1 ¼ ε2 ¼ 0:05  ε1 ¼ 1:0; ε2 ¼ 0:05  ε1 ¼ ε2 ¼ 0:05  ε1 ¼ 1:0; ε2 ¼ 0:05  
Symmetry Yes Yes Yes Yes Yes Yes  

Case 7 Case 8 Case 9    

Initial Shape Elliptical Elliptical Elliptical    
Inclination Angle α0 ¼ 60� α0 ¼ 80� α0 ¼ 90�

Area Constraint ε1 ¼ 1:0; ε2 ¼ 0:05  ε1 ¼ 1:0; ε2 ¼ 0:05  ε1 ¼ 1:0; ε2 ¼ 0:05     
Symmetry Yes Yes Yes     

Table 5 
A summary of initial and optimal designs (Case 1 to 4).  

Design 
cases 

Initial 
Design 

Case 1 Case 2 Case 3 Case 4 

ðε1; ε2;

α0Þ

� ð0:05;0:05;
45�Þ

ð1:0;0:05;
45�Þ

ð0:05;0:05;
45�Þ

ð1:0;0:05;
45�Þ

Ahole;m2  1:94439�
10� 7  

2:08603�
10� 7  

1:85125�
10� 7  

1:98703�
10� 7  

1:96428�
10� 7  

α 45� 45� 45� 30:69� 35:48�

η 0.018451 0.042122 0.042248 0.046888 0.048213 
%ΔAhole  0%  7:28%  � 4:79%  2:19%  1:02%  
%Δη  0%  128:29%  128:97%  154:12%  161:30%   
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Fig. 10. Temperature on hot wall, initial design (circular cylinder) vs. optimal shapes (Case 1 to 4).  

Fig. 11. Temperature on hot wall, initial design (elliptical cylinder) vs. optimal shapes (Cases 5 and 6).  
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where R is the flow residual and Λ is the Lagrangian multiplier. By 
taking the derivatives of the Lagrangian function, the first-order Karush- 
Kuhn-Tucker (KKT) conditions can be expressed as 
8
>>>>>><

>>>>>>:

R
�
U; xp

�
¼ 0 Flow ​ Solver

�
∂R
∂U

�T

Λ ¼ �
�

∂I
∂U

�T

Adjoint ​ Solver

dI
dxp
¼

∂I
∂xp
þ ΛT ∂R

∂xp
Sensitivity

(15) 

The expression of the cost function gradient finally simplifies to 

∂L
∂xp
¼

�
∂I
∂xs
þΛT ∂R

∂xv

∂xv

∂xs

�
∂xs

∂xp
(16)  

where the volume mesh points xvðxsðxpÞÞ and the surface mesh points xs 

are function of the control points xp of the hole shape and ∂xv= ∂xs is the 
mesh sensitivity. Therefore, given a solution U to the governing equation 
RðUðxpÞ; xpÞ ¼ 0 and the corresponding adjoint state Λ, dI

dxp 
can be 

computed at a cost independent of the number of parameter in xp. To 
update the finite volume mesh from the shift of the control points, the 
target surface defined by the control points should be updated first 
through the interpolation of the coordinates of the control points. To do 
so, we adopt here the Free Form Deformation (FFD) approach [24], a 
technique that uses a relatively small number of control points to 
manipulate the global shape of the hole. After the creation of the 
deformed target surface via FFD, the grid points of the deformed finite 
volume mesh defined on the target surface are updated through the use 
of a classic volume spline, which here describes a type of Radial Basis 
Functions (RBF) [9]. 

3.2. The Method of Moving Asymptotes 

The method of moving asymptotes is a non-linear programming al
gorithm widely used for structural optimization problems having a large 

Table 6 
A summary of initial and optimal designs (Case 5 and 6).  

Design cases Initial Design Case 5 Case 6 

ðε1;ε2;α0Þ � ð0:05;0:05;45�Þ ð1:0;0:05;45�Þ

Ahole;m2  1:90744� 10� 7  2:02456� 10� 7  2:01120� 10� 7  

α 45� 45:41� 44:30�

η 0.029171 0.080888 0.087014 
%ΔAhole  0%  6:14%  5:44%  
%Δη  0%  177:23%  198:29%   

Fig. 12. Temperature on hot wall, optimal shapes (Case 7 to 9).  

Table 7 
A summary of initial and optimal designs (Case 7 to 9).  

Design 
cases 

Initial Design Case 7 Case 8 Case 9 

ðε1; ε2;

α0Þ

� ð1; 0:05;
60�Þ

ð1:0;0:05;
80�Þ

ð1:0;0:05;
90�Þ

Ahole;m2  1:90744� 10� 7  1:67693�
10� 7  

2:08603�
10� 7  

1:73968�
10� 7  

α 60�=80�=90� 60� 80� 90�

η 0:01475=0:00368=0:00641  0.058187 0.019939 0.0223742 
%ΔAhole  0%  � 12:02%  � 17:67%  � 8:60%  
%Δη  0%  294:30%  440:47%  248:88%   

Fig. 13. CFD analysis results on cooling effectiveness with different inclina
tion angles. 
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number of variables and constraints [28]. The design variable vector, x, 
collects the components xj, j ¼ 1;…; n satisfying bound constraints xj �

xj � xj. The objective function is represented by f0ðxÞ and fiðxÞ, where m 
denotes inequality constraints of the form fiðxÞ � bf i. The design vari
ables are updated interactively by solving a strictly convex approxima
tion of the original problem. 

At iteration k, the subproblem PðkÞ consists of fraction form approx
imation f ðkÞi for each i ¼ 0;1;…;m: 

f ðkÞi ðxÞ¼ rðkÞi þ
Xn

j¼1

 
pðkÞij

UðkÞj � xj
þ

qðkÞij

xj � LðkÞj

!

(17)  

where 

pðkÞij ¼

(�
UðkÞj � xðkÞj

�2
∂fi

.
∂xj; if ∂fi

�
∂xj > 0

0; if ∂fi
�

∂xj � 0
(18)  

qðkÞij ¼
n

0; if ∂fi
�

∂xj� 0 �
�

xðkÞj � LðkÞj

�2
∂fi

.
∂xj; if ∂fi

�
∂xj < 0 (19)  

rðkÞi ¼ fi
�
xðkÞ
�
�
Xn

j¼1

 
pðkÞij

UðkÞj � xðkÞj

þ
qðkÞij

xðkÞj � LðkÞj

!

(20)  

where all derivatives ∂fi=∂xj are evaluated at x ¼ xðkÞ. 
Note that at iteration k, the design variable should be in a subinterval 

of LðkÞj < xj < UðkÞj with the bounds UðkÞj and LðkÞj dependent on k. The 
lower and upper bounds of the design variables in Eq. (4) are adopted as 
the initial value of Lj and Uj in Eqs. (17)–(20). The varying bounds are 
termed “moving asymptotes” in the eponymous algorithm. 

It can be shown that Eq. (17) is a strictly convex approximation of the 

original problem and thus easy to solve. In our case, x is the design 
variable vector containing the coordinates of all control points of the 
hole shape, and the constraints are given in Section 2.1. The efficiency of 
the convex approximation of MMA is discussed in the literature [28]. 
Compared to a previous work that uses a globally convergent MMA 
(GCMMA) in 2D shape optimization [31], here we adopt the classical 
framework of MMA due to its simplicity and proved reduction in the 
computational cost imposed by our model, and implement the 
primal-dual iteration scheme [29] to solve the problem in MATLAB 
(MathWorks, Natick, MA). 

4. Application 

4.1. Numerical case study: description and setup 

We examine nine cases of shape optimization of an inclined hole to 
identify the optimal in-plane shape for maximum cooling effectiveness. 
A further parametric study locates the range of inclination angle for 
optimal cooling. Fig. 6 shows a representative CFD model describing the 
evaluation of the cooling effectiveness of an inclined hole. The side view 
in Fig. 6(a) and top view in Fig. 6(b) show the void shape and the faces 
with flow boundary conditions. The pressure conditions are chosen to 
attain a pressure drop of 2:5% across the boundaries 1 and 4. The 

Table 8 
Cooling performance comparison of the initial and optimized designs of nine 
cases.   

Cases Vjetðm =sÞ M DR  CD  Pr  

Initial shape, (Circular 
cylinder, α0 ¼

45�)  

81.06 2.70 2.00 0.74 28.79 

Optimized 
shape, 

Case 1 74.27 2.47 2.00 0.48 108.70 

Optimized 
shape, 

Case 2 74.09 2.46 2.00 0.67 76.54 

Optimized 
shape, 

Case 3 74.27 2.47 2.00 0.48 108.70 

Optimized 
shape, 

Case 4 77.49 2.58 2.00 0.57 95.91 

Initial shape, (Elliptical 
cylinder, α0 ¼

45�)  

79.67 2.65 2.00 0.72 47.31 

Optimized 
shape, 

Case 5 74.53 2.48 2.00 0.70 127.81 

Optimized 
shape, 

Case 6 74.52 2.48 2.00 0.65 146.31 

Initial shape, (Elliptical 
cylinder, α0 ¼

60�)  

82.26 2.47 2.00 0.92 18.79 

Optimized 
shape, 

Case 7 77.34 2.57 2.00 0.89 87.60 

Initial shape, (Elliptical 
cylinder, α0 ¼

80�)  

76.55 2.55 2.00 0.98 4.41 

Optimized 
shape, 

Case 8 76.74 2.55 2.00 1.00 28.57 

Initila shape, (Elliptical 
cylinder, α0 ¼

90�)  

71.06 2.36 2.00 0.90 8.36 

Optimized 
shape, 

Case 9 71.27 2.37 2.00 0.92 31.21  

Fig. 14. Velocity vectors align with temperature contours in the y-z plane, x ¼
3:0� 10� 4: (a) Circular hole, (b) Case 6 (see Fig. 11), (c) Case 9 (see Fig. 12). 
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pressure on boundary 2 is specified to achieve a target velocity of 30 m/s 
in the cold (top) section of the domain. In addition, the operating 
pressure is specified to be 3.2 MPa, and the turbulence intensity and 
turbulent length scale on all inlets is specified to be 10% and 0.012 m, 
respectively. The Ma of the jet flow into the aperture is close to 0.2 while 
the Re value obtained from the jet velocity and the hole diameter is 

3306. A summary of the boundary conditions is given in Table 1. As 
advised by the industry partner, the porosity is set to a value below 1% , 
i.e. 0:25%. The shear stress transport (SST) turbulence model is typically 
used as a turbulence closure [18]. The SST model works by solving a 
turbulence/frequency-based model (k-ω) at the wall and (k-ε) model in 
the bulk flow. A blending function ensures a smooth transition between 

Fig. 15. Lateral view of temperature profiles of Circular hole, Elliptical hole, Case 6 and Case 9.  
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the two models. The SST model has been shown to capture more effec
tively the amount of flow separation under an adverse pressure gradient 
than other eddy viscosity models; hence it can precisely predict the 
near-wall turbulence, an essential parameter for accurate prediction of 
turbulent heat transfer [3]. 

The STARCCM þ software was used to generate the three- 
dimensional structured and unstructured grids. Fig. 6 shows the 
computational grid. A boundary layer region of locally structured grids 
was generated around the wall surfaces consisting of 15–25 layers of 
prismatic mesh as illustrated in Fig. 7. Setting the ratio of two adjacent 
grid sizes to nearly 1.2 allows fine grids near the solid walls. This choice 
enables the distance of the first grid point off a solid wall, measured in 
wall unit yþ, to be below 2 at nearly all locations in the viscous grid for 
all cases studied herein. Such condition is necessary for solving the 
viscous sublayer and heat transfer near the walls. Fig. 8 illustrates the 
distribution pattern of yþ a circular hole with α ¼ 45�, L ¼ 5mm. The 
exact definition of the yþ value is given below: 

yþ ¼
y
ν

ffiffiffiffiffiτw

ρ

r

(21) 

For computational accuracy, the ratio of two adjacent grid sizes in 
any direction was kept within 0.82–1.2 and the height of the first cell 
from the wall was y ¼ 1:5� 10� 6m. The grid of the inclined hole was 
controlled by 80 FFD design variables of control points on ten cross- 
sections through the thickness of the wall, as illustrated in Fig. 2(b). 

4.1.1. Mesh sensitivity analysis 
To determine the proper mesh size as a tradeoff between the accu

racy and the efficiency of computing the cooling effectiveness, a mesh 
sensitivity analysis was performed on three grids with different resolu
tion. The characteristics of the three grids used to represent the flow 
domain are reported in Table 2, and the operating conditions of the 
simulations in Table 3. Fig. 9 illustrates the velocities and mass densities 
at different locations of the domain. Runs A, B and C correspond to the 
circular hole configuration depicted in Fig. 6 and are discretized 
respectively by the Coarse (C), Medium (M) and Fine (F) meshes 
(Table 2). The values of the discharge coefficient CD and the blowing 
ratio are also reported in Table 2. CD is related to the pressure difference 
ΔP between the secondary and primary channels. The blowing ratio M ¼
ρjetVjet=ρhotVhot where Vjet and ρjet are the bulk velocity and the mass 
density of the jet, and Vhot and ρhot are those of the hot stream. Finally, 
the density ratio is defined as DR ¼ ρjet=ρhot. The results of the three 
levels of grid indicate that the Medium (M) grid is sufficient to produce 
the main features of the flow here under investigation. 

4.1.2. Setup of optimization cases 
Table 4 summarizes the setups of the nine cases that study the effect 

of the initial design and inclination angle on the optimization results. 
Circular and elliptical in-plane hole shapes of prescribed area, widely 
used in industry, are adopted as initial designs for Case 1 to 4 and Case 5 
to 9 respectively. The radius of the circular hole is 2:5� 10� 4m, and the 
aspect ratio of the elliptical hole is 2 with 7:0� 10� 4m long major axis 
perpendicular to the flow direction. 

The CFD models (STARCCMþ) have satisfactory accuracy of the in- 
plane hole area with less than 0:97% error from the theoretical values. 
For Case 1 and 2, the inclination angle is prescribed at α � 45�, and only 
the coordinates of the control points for the shape boundary are vari
able. For Case 3 to 6, also the inclination angle is a variable with initial 
value α0 ¼ 45�, and for Case 7 to 9, with initial value of 60�, 80� and 90�

respectively. The reason for assigning dissimilar initial values is to gauge 
the dependence of the optimized results on α, obtained via a gradient- 
based optimizer. The constant area constraints are implemented 
through two inequalities (Eq. (6)) using relaxation parameters. We 
explore two options for the area constraint: ε1 ¼ ε2 ¼ 0:05 (Case 1, 3 
and 5), and ε1 ¼ 1:0; ε2 ¼ 0:05 (other cases). For the latter, the lower 

bound on the area is ð1 � ε1Þ ¼ 0, hence only the upper bound can be 
effective. Symmetry of the in-plane shape in the x-y plane is always 
enforced about the x-axis, as discussed in Section 2.2. A supportive 
parametric study of the elliptical in-plane hole with α ¼ 15�, 20�, 30� up 
to 90� was also performed to investigate the relation between inclination 
angle and cooling effectiveness. 

4.2. Optimization results 

The optimization results of the nine cases reported in Table 4 are 
grouped into three sets. The first examines case 1 to 4 with results listed 
in Table 5 and visualized in Fig. 10 (temperature profile). The optimized 
shapes all resemble the letter “V” pointing to the downstream direction, 
which results in an increase of the cooling effectiveness above 120%. 
Case 2 has no effective lower bound on the shape area in comparison 
with Case 1, and the larger design space of Case 2 leads to a more effi
cient design with < 1% larger cooling effectiveness than Case 1. More 
interestingly, the optimized hole in Case 2 is even smaller by 4:79% in 
area from the initial design. For Case 3 and Case 4, an even larger design 
space is searched by updating both the shape geometry and the incli
nation angle. In this case, the optimized cooling effectiveness is even 
higher with more than 150% increase. The optimized shapes in Case 3 
and 4 resemble that of Case 1, but their inclination angles are about 35�
instead of 45�, illustrating the effect of the inclination angle on the re
sults. As shown in the temperature distribution plots in Fig. 10, the 
optimized designs can generate a larger area of the hot wall with a 
higher cooling effectiveness than that of the circular hole. 

The second set of results pertains to Case 5 and 6. The difference from 
the previous set is the initial shape of the void, in this case being ellip
tical as opposed to circular. The cooling effectiveness of the elliptical 
hole with α ¼ 45� is 0.029, 58:1% higher than that provided by the 
circular one, making it a more efficient initial design. Fig. 11 shows the 
optimized shapes and temperature distributions. Numerical results are 
tabulated in Table 6. The optimized shapes resemble “V” shapes similar 
to those of Case 1 to 4, but much thinner: the arms of the “V” are longer, 
and the region near the vertex has shrunk. The low temperature region 
extends further downstream in Fig. 11 compared with Fig. 10. The 
values of the cooling effectiveness further increase, with more than 
170% growth (area also increased by 5%, meeting the upper bound), 
and Case 6 is the best among Case 1 to 6. The change in inclination angle 
is minor in Case 5 and 6, a noteworthy difference from Case 3 and 4. 

Tables 5 and 6 demonstrate that the change of shape and the 
improvement of the objective function are significant, and the imple
mentation of the relaxed formulation of area constraints, especially 
setup with effective upper bound of area only, is also successful. The 
dependence on the initial design is manifest by the nature of the 
gradient-based algorithm. 

The third set includes the result from Case 7 to 9, where we further 
examine the effect of the inclination angle on the optimized shape of the 
cooling hole. Fig. 12 and Table 7 summarize the results. In Case 7 to 9, 
the inclination angle is prescribed at 60�, 80� and 90� respectively, while 
the other conditions are those of Case 6. Compared with Case 6 with the 
maximum effectiveness of 0.087 at the inclination angle α near 45�, the 
values of the optimized cooling effectiveness for Case 7 to 9 are below by 
at least 33%. However, the percentages of improvement from the initial 
design of elliptical hole are much larger, and can be as high as 440% for 
Case 8 with the smallest initial cooling effectiveness. A comparison of 
the results between Cases from 6 to 9 demonstrates the cooling effec
tiveness of a given shape is very sensitive to the inclination angle, and 
α � 45� is favorable for the maximization of the cooling effectiveness. 
The optimized shapes in Case 7 to 9 are also noteworthy. Unlike V- 
shapes in Case 1 to 6, the optimized shapes are thicker and curvier in the 
middle. Specifically, the optimized shape of Case 9 in Fig. 12 resembles a 
“W” and the direction is flipped, with the wider side facing downstream. 

The effect of inclination angle on cooling effectiveness is further 
investigated by running a parametric study of the cooling effectiveness 
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of the elliptical hole in Table 7 with the inclination angle (α) varying 
from 15� to 90�. Fig. 13 shows the curve of the cooling effectiveness (η) 
as a function of α. Inclination angles corresponding to relatively high 
values of η between 0.035 and 0.048 are in the range of [15�, 45�], 
consistent with our optimization results in Case 1 to 9. A smaller α 
creates a larger projected area of the hole along the flow direction for 
downstream cooling. Beyond that range, η descends sharply with the 
increase of α, reaches the minimum of e0:004 at 80�, which is less than 
10% of the peak value, and recovers to e0:006 as α reaches 90�. The 
parametric study suggests that the value of the inclination angle also 
plays a key role in the maximization of film-cooling performance apart 
from the initial design shape. 

As a summary of the main results of this study, the cooling perfor
mance (Pr) of the initial and optimized designs of nine cases are 
compared in Table 8. For a given area, the maximum Pr among the 14 
designs is about 33 times of the minimum one, despite the 15% differ
ence of the blowing ratio (M) and 100% of the discharge coefficient (CD). 
Moreover, the standard circular hole has the largest M but the Pr is the 
10th out of 14. The optimized shapes of Case 1 to 4 achieve at least 265% 
increase of Pr over the circular hole. The largest percentage of increase 
in Pr is 647% in Case 8. The importance of the inclination angle is again 
demonstrated: a switch of α from 60� to 80� can generate more than 
400% difference in Pr. The comparison suggests the improvement of the 
cooling performance is mostly due to the optimized shapes of the hole 
and the selection of the inclination angle. Since Pr is a normalized per
formance metric (Eq. (2)), Table 8 further demonstrates that the opti
mized designs (Case 1 to 6) can achieve enhanced cooling effectiveness 
using a smaller blowing ratio than their initial counterparts, hence 
making them more efficient. In addition, we note that the mass flow rate 
through the hole in Eq. (2) is not available in the adjoint solver, hence 
the cooling performance is not selected as the objective function. 

To visualize the physics of the flow around the cooling hole, we 
examine two representative cases, i.e. case 6 and 9. Fig. 14 illustrates the 
vortex structure generated by the optimized shapes and the circular 
shape, here taken as baseline. The velocity vectors align with tempera
ture contours in the y-z plane at x ¼ 3:0� 10� 4, and show the formation 
of a couple of vortices downstream of the hole. As compared to the cy
lindrical hole, the optimized shapes yield a uniform velocity at the exit 
of the cooling hole, thus generating weaker anti-vortices. The benefit is 
an improved flow field that reduces the mixture between the main and 
the jet streams, and it increases the film-cooling effectiveness. Fig. 15 
illustrates the temperature profiles of the circular hole, the elliptical hole 
and the optimized holes of Case 6 and Case 9. The profiles show that the 
optimal shape corresponding to Case 6 reduces the flow separation, 
thereby improving the cooling air attachment to the hot surface and 
enlarging the cooled downstream area. 

Although the variables here examined, i.e. in-plane shape boundary 
and inclination angle, are effective in showing an increase in the cooling 
effectiveness, the results show a strong dependence on the initial values 
of the variable. This outcome is expected to a certain extent because it 
stems from the use of a gradient-based algorithm capable of finding local 
optima. Further work is required to systematically search for the optimal 
shape of a single inclined hole from various initial shapes. More 
importantly, other design factors can heavily influence the cooling 
performance of a given void shape. For a standalone hole, the rotation of 
the in-plane shape determines its projected area on the plane perpen
dicular to the inlet flow, a key factor related to the cooling effectiveness. 
Furthermore, cooling holes in gas turbine structures are usually 
deployed in a pattern for further improved performance through the 
interaction of holes. The effect of tessellation on cooling performance is 
worthy of future investigation. Our gradient-based framework has been 
conceived to handle an even larger number of design variables, and only 
requires an update of the numerical analysis module. If this causes a 
steep increase in the computational cost, other approaches can be 
considered, such as the overset method [16,17]. 

Another important aspect of the methodology that needs further 
improvement is the meshing module. The mesh deformation technique 
adopted herein can save the computational cost from remeshing, but it is 
not always robust. The mesh deformation module is able to handle small 
and sometimes medium size deformation, but it can pose problem with 
large deformation as the mesh may collapse. The mesh repair module 
can remedy no more than hundreds of collapsed volume elements. Close 
examination of failed examples of mesh update shows the difficulty 
usually occurs where high aspect ratio prismatic elements are connected 
to flat tetrahedral ones. 

5. Conclusion 

In this paper, the gradient-based shape optimization of low porosity 
film-cooling hole with two initial designs and various inclination angles 
is investigated for maximization of the cooling effectiveness. All opti
mized shapes can improve cooling effectiveness of more than 120% from 
circular and elliptical initial designs. Smaller inclination angle between 
15� and 45� can create larger projected area of the hole for the best gain 
of cooling. Optimized shapes form a family of V-shapes that can be 
further validated by wind-tunnel tests. The automated workflow 
implemented in this work can be applied to other CFD-based shape 
optimization problems. 
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