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Dual-material concepts that expand or contract as desired upon changes in temperature exist but have
their limitations. One upon which we focus here is the trade-off caused by the inherent thermo-elastic
coupling that they feature, a condition that makes desired changes in thermal expansion penalize elastic
stiffness, and vice versa. In this paper, we present hierarchical bi-material lattices that are stiff and can be
designed to attain a theoretically unbounded range of thermal expansion without (i) impact onto elastic
moduli and (ii) severe penalty in speciﬁc stiffness. Through a combination of theory, numerical simulations and experiments, we demonstrate the thermomechanical performance of eight hierarchical lattices, including two fractal-like hierarchical lattices with self-repeating units that are built from dualmaterial diamond shapes with low and high coefﬁcients of thermal expansion (CTE). Results show
that the achievable range of CTE can be enlarged by 66% through the addition of one order of hierarchy
only, and that for a given CTE range the speciﬁc stiffness can be at least 1.4 times larger than that of
existing stretch-dominated concepts. The concepts here introduced can open up new avenues towards
multifunctional devices and structurally efﬁcient materials with simultaneously customized thermal
expansion and mechanical properties.
© 2017 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Architected materials can be designed to elicit extreme mechanical properties, often beyond those of existing solids [1]. They
are very appealing for use in several ﬁelds of engineering including
aerospace, automotive and biomedical [2e4]. In these applications,
the target to maximize might be either structural, through attaining
for example minimum mass at maximum stiffness [5,6], or functional, such as thermal dimension control [2], heat transfer [7],
band gaps [8], mechanical biocompatibility [9], and others [1]. For
lightweight structural applications, high stiffness is desired for
preserving the structural integrity and resisting a variety of loading
conditions. In contrast, high compliance is required to adapt under
other loading conditions for more functional applications, such as
energy absorption [10]. For functional applications, the coefﬁcient
of thermal expansion (CTE) has been the recent focus of intense
research [11,12] aiming at obtaining large positive, zero or negative
CTE via material architecture tuning.
The design freedom to adjust thermal expansion is particularly
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advantageous in a large assortment of applications. On one hand, in
extreme thermal environments, sensitive applications that require
very ﬁne precision, such as satellite antennas, space telescopes, and
large array mirrors [4,13], call for materials with zero CTE so as to
avoid undesired thermal deformation. On the other hand, there are
other applications requiring materials with large positive or negative CTEs. These materials must induce responsive and desirable
deformations under given changes in temperature [14], often, but
not always, dictated by the surrounding environment, such as in
morphing and adaptive structures [15,16], as well as MEMS [17].
The potential of periodic architected materials is also appealing
because their repeating cell can be designed to concurrently
maximize multiple performance requirements, notably structural
and functional. Among many, examples of multifunctional lattices
include those developed for aerospace components that can
maintain precise dimensional tolerances under large temperature
ﬂuctuations and speciﬁc stiffness requirements [2,18].
This paper focuses on multifunctional lattices designed with the
goal of providing unique control of thermal expansion and structural performance, at levels currently unmet by existing concepts.
As with previous works [2,11,18e23], we deal with material architectures made of two materials, which can be designed to
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compensate the mismatched thermal deformation generated by
each of the two materials. If exploited, this strategy enables the
attainment of an overall thermal deformation that can be large
positive, zero or large negative. Since dual material architectures
achieve a tunable CTE through a purely mechanical, and thus
temperature-independent, mechanism [4], their CTE is extremely
dependent on the unit cell architecture and on the difference in CTE
of their constituent solids [12,18]. To assess the potential of a given
architected material in providing a range of CTE values via tailored
selection of its material constitutes and its cell topology, we need a
quantitative metric. CTE tunability, (DCTE) has been recently used
[23] to measure the maximum range of CTE values that a concept
can achieve upon changes of its unit cell geometry from a given pair
of materials. Whereas a single material has only one CTE value,
hence no DCTE, the CTE of dual material concepts can be adjusted
by geometric manipulation of the building block with the result of
obtaining a range of CTE values. The difference between the minimum and maximum CTE that an architected material can offer is
deﬁned as DCTE. For a given concept, a large DCTE indicates ample
freedom to tune the unit cell geometry, an asset that can release the
dependence on the CTE ratio of the constituents (see
Supplementary Material A).
Several dual-material concepts have been proposed in the
literature, most notably by Lehman and Lakes [19,24], Steeves et al.
[18], Hopkins et al. [25], Jefferson et al. [20], Sigmund et al. [22], and
Xu et al. [23]. A number of these concepts, such as Lakes concept
[26], while successful in demonstrating theoretically unbounded
CTE tunability, feature a trade-off in structural efﬁciency [27]. The
compromise between them emphasizes an inherent coupling between mechanical properties and thermal properties. This is typical
of existing dual-materials concepts (See Supplementary Material
A), for which CTE tailoring through architecture manipulation
may result in severe reduction of mechanical performance. For
example, some existing concepts show that the desired ﬂexural
deformation that a large CTE tunability would require is generally
antagonist to the high speciﬁc stiffness that is distinctive of a
structurally efﬁcient architecture. This indicates that preserving
high speciﬁc stiffness is in conﬂict with the need of enhancing
DCTE, as manifest in stretch-dominated unit cells constructed by
dual-material triangle (2D) or tetrahedron (3D), which offer a
remarkable structural performance [2,18], but cannot achieve the
sizeable CTE tunability of bend-dominated architectures [11,26].
Hence, the main issue we want to address in this paper: how to
reduce the penalty that an increase in DCTE will generate on the
elastic properties, so as to obtain the best compromise out of them.
This work proposes hierarchical lattice materials which
feature enhanced CTE tunability regardless of the choice of the
constituent solids, and enable thermal expansion control without
incurring in severe loss of structural performance. Structural hierarchy is not new and for a long time now has been recognized
as one crucial factor governing high stiffness, strength, and
toughness in both natural and bio-inspired materials [28e30],
and even more recently in the ﬁeld of thermal expansion [19].
However, what has not been so far explored yet is how to exploit
it to, ﬁrst, amplify CTE tunability in architected materials, and
then to decouple physical properties that are in conﬂict. The
method adopted in this paper, as explained in Section 2, combines solid mechanics theory, ﬁnite element simulations and
experiments on proof-of-concept lattices. The results presented
in Section 3 demonstrate that initially coupled properties can be
individually tuned in distinct hierarchical orders to obtain large
CTE tunability without sensible loss in structural performance.
Section 4 discusses the concept performance by drawing a comparison with a set of existing architected materials that are

stretch and bend dominated.

2. Methodology
Our focus here is on bi-material unit cells (Fig. 1) with high and
low CTE, which are used to build hierarchical lattices (HL) including
those made of self-repeating unit cells, i.e. fractal-like hierarchical
lattices (fractal-like HL) and hierarchical lattices which feature at
least two unit cells with different topologies, thus making the hierarchical lattice of a hybrid-type (hybrid-type HL) (Fig. 2). The
following provides closed-form expressions and computational
results of their thermomechanical properties, along with details on
sample fabrication and CTE testing.

2.1. Unit cell model with a bi-material diamond shape
Fig. 1a-I shows the diamond that can attain a low-CTE performance (LD). Upon a uniform increase of temperature, red (as1 ) and
blue (as2 ) elements in a LD deform at different rates, visualized in
Fig. 1a-II as unbonded for explanation purpose. Fig. 1a-II displays
the height increase, DHl1 , caused solely by thermal expansion in the
blue elements. In the ﬁnal conﬁguration (Fig. 1a-III), rigid connections at the nodes cause a higher expansion in the red horizontal
bar that turns the blue struts. As a result, the top vertex of the
diamond springs back by DHl2, a displacement that if desired can be
conveniently designed to compensate DHl1 . By harnessing the
values of as1 and as2 , or the skewness of the blue elements, q, the
CTE of a LD can be tuned to zero, or even negative, in the y-direction. Similarly, Fig. 1b-I shows the complementary version of the
diamond in Fig. 1a-I, where the switched material distribution
yields a high-CTE diamond (HD). In Fig. 1b-II, the expansion of the
red elements bring about a height increase, DHh1 , and a width-wise
gap, DWh , which would appear if the blue bar, which exhibits less
expansion, were visualized as unconnected. Also in this case, rigid
connections (Fig. 1b-III) would compensate the visualized horizontal gap, DWh , by a height increase of DHh2 , adding on to DHh1 ,
and this value of DHh2 can also be tuned by manipulating as1 , as2
and q. From this explanation, we gather that the CTE in the y-direction depends on the thermal expansion ratio of the constituent
materials, x ¼ as2 =as1 , and the skewness angle, q. If q is given, the
smaller the x, the lower (for LD) or higher (for HD) the CTE [18];
hence the greater the CTE distinction of the constituent solids, the
higher the CTE tunability.
We now examine the general case of a LD (Fig. 1a-I) with an
arbitrary skew angle, q, and we derive its Young's moduli, from
which those for HD can also be easily obtained. A small thickness
ratio is considered, t=l < 1=8, that gives LD a low relative density,
r* =rs , which is deﬁned as the ratio of its real density over the
density of the solid. For a generic dual-material unit cell, the relative density can be expressed as a function of the volume fractions
of the constituents (Supplementary Material B), and more specifically for a LD (details in Supplementary Material C) can be written
as:

r* cosq þ 2 t
¼
sinq l
rs

(1)

Using structural mechanics [31], the in-plane Young's moduli
can be derived as (Supplementary Material C):

Ey*
Es2


¼

1

2 sin q
3

þ

Es2 =Es1
tan3 q

1

t
l

(2)
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Fig. 1. Deformation of a unit cell in a diamond shape with low, LD (a-I), and high, HD (b-I), CTE, strut thickness t, horizontal bar length l, sloped bar length l0 , and skew angle q. (II)
Deformation of hypothetically unconnected elements and their corresponding dimensional changes. (III) Actual deformation of rigidly connected elements along with change in
dimensions due to rigid nodal connectivity.

Ex*
E =E t
¼ s1 s2
Es2
tanq l

(3)

where Es1 and Es2 are the Young's modulus for solid materials 1 and
2, respectively. We note that although Eqs. (2) and (3) are valid for a
defect-free lattice in a fully undeformed state, the thermal deformation and fabrication imperfections, which are less than ±1% of

the bar length deviation, will not signiﬁcantly reduce the elastic
moduli (no more than 5% [32]). Even under the largest achievable
temperature changes considered in this article (DT ¼ 50  C), the
thermal deformation remains small, thereby causing no signiﬁcant
impact on the elastic moduli.
Since the thermal expansion mismatch between the constituent
materials cause bar bending, the effective CTE in the y-direction can
be written (Supplementary Material C) as:

Fig. 2. Multiscale lattices with second-order hierarchy (n ¼ 2). (a-I) Fabricated fractal-like HL with low-CTE, (b-I) hybrid-type HL with low-CTE with speciﬁed dimensions denoted in
mm. (a-II) and (b-II) geometric models of second-order hierarchy with cell-wall thickness, t2, and length, l2. (a-III) and (b-III) ﬁrst order unit cell models with low- and high-CTE
shaped-diamond, i.e. LD and HD, and their respective cell-wall thickness, t1, and length, l1. qn with qn 2ð0; 90 Þ is the angle between the inclined cell wall and the x-direction. (a-IV)
and (b-IV) constituent materials colour-coded to illustrate low and high CTEs. All lattices are planar with prismatic units of identical out-of-plane thickness.
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(4)
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Similarly in the x-direction, the effective CTE is (Supplementary
Material C):

>
>
*
>
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>
>
>
¼
: *
El;y;i1

a*y

¼ as2 þ

a*x ¼ as1 
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þ

cosq
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(6)



1  2 

kCTE ¼ cosq=2  8 cosqðt=lÞ2
sin q= 8cos3 qðt=lÞ2 þ
1
has always a negative value. The LD and HD
cosq=2 þ Es2 =Es1
cases can be speciﬁed by the difference in values of the two solid
CTEs. If as1 > as2 , a*y is less than the lowest CTE of the two solids (i.e.

as2 ), thus representing LD (Fig. 1a-I). On the other hand, if as2 > as1 ,
then a*y is larger than the highest CTE - in this instance as2 - which

corresponds to the HD case (Fig. 1b-I).
In Eqs. (4) and (5) above, the effective CTE is also governed by
the geometric parameters of the lattice, namely t=l and q. The
stiffness can also be expressed similarly to the CTE, since they are
contingent on the same set of geometric parameters (i.e. t=l and q in
Eqs. (2) and (3)). From this, it is evident that a change of this set of
parameters would make both the CTE and stiffness vary, as further
demonstrated in Supplementary Material A. How to avoid this
thermo-elastic coupling is illustrated later in this section, after we
ﬁrst explain below how to enlarge DCTE in architectures made of
any pair of materials.
The LD and HD unit cells introduced above can be used as
building blocks to create multiscale self-repeating lattices (fractallike HL) with potentially unbounded range of CTE without severe
penalty in speciﬁc stiffness. This can provide better trade-off between thermal and mechanical performance. This performance is
achieved with neither change of their constituent materials nor
manipulation of their skew angles. The underlying principle here is
that by replacing the solid constituents with unit cells with higher
(HD) and lower (LD) CTE values than those of their base materials,
we amplify DCTE. Fig. 2a shows a low-CTE example of fractal-like HL
with two hierarchical orders, each constructed through the
tessellation of LD and HD with prescribed internal angle q ¼ 60 .
The reverse performance case, i.e. higher CTE, can be obtained by a
switch of HD and LD positions. Higher orders can be introduced to
reduce or enlarge the effective CTE in desired directions with high
structural efﬁciency (E=r) originating from the stretch-dominated
cell this fractal-like HL is built from.
For the analysis, we consider the general case of nth order
fractal-like HL of density r*n, effective Young's modulus En* , and
effective CTE a*n . The cell walls consist of LD and HD cells of density,
*
r*n1 , effective Young's modulus, En1
, and effective CTE, a*n1 . The
skew angle q is given and common to all hierarchical orders,
whereas the thickness ratios ti =li are different. The relative density
for the general case of fractal-like HL with n orders is:

r*n
¼
rs

(8)
where h and l represent the high- and low-CTE, respectively, and i
*
is the effective
represents the hierarchical order, such that El;y;i

where



1
i0
1
þ
li 1  i  n;
tan3 q
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B E*
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A
.
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*
*
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1
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Eq. (4) can be simpliﬁed as:

a*y

.
!1
*
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Eh;y;i1
El;y;i1
t

n      
n n  
cosq þ 2
tn
t
t1
cosq þ 2 Y
ti
/ 2
¼
sinq
sinq
ln
l2
l1
l
i¼1 i
(7)

The Young's modulus of the high- and low-CTE fractal-like HL in
the y-direction can be expressed as:

Young's modulus of the low-CTE element in the ith order and the ydirection. Their effective CTEs are given by:

8
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>
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þ
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>
*
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2
:
El;y;i1
8cos3 q ti1
(9)
*
*
with 1  i  n, a*h;y;0 ¼ ash , a*l;y;0 ¼ asl , Eh;y;0
¼ Esh , and El;y;0
¼ Esl .

The relations above show that fractal-like HL of any hierarchical
order possesses anisotropic thermo-elastic properties that are
coupled. Isotropic (planar) behaviour can be attained by changing
cell shapes among structural order, i.e. by creating hierarchical
lattices, with shapes that exhibit isotropy. Below we apply this
strategy and consider self-repeating lattices that are shaped at the
last order with cell geometry dissimilar than those of the preceding
orders, so as to create hybrid-type HL.
Fig. 2b illustrates an example of hybrid-type HL with two levels
of hierarchy. A change in unit cell shape, i.e. a triangle, is implemented at n ¼ 2 to show how hierarchy can be effective in not only
decoupling but also tuning thermo-elastic properties. As opposed
to the fractal-like HL in Fig. 2a-I, which contains both LD and HD, in
Fig. 2b-I only LD is used at n ¼ 1 to create a triangle hierarchical
lattice with low-CTE, whereas its high-CTE counterpart can be
obtained by swapping the material position. We shape hybrid-type
HL at n ¼ 2 with a triangle to infer isotropic (planar) mechanical
properties and control thermal expansion with LD at n ¼ 1. This
simple strategy is effective in achieving desired levels of property
decoupling which can be readily extended to lattices of higher hierarchical order and beyond CTE and stiffness, such as CTE and
strength, CTE and Poisson's ratio, thermal-conductivity and Poisson's ratio, and others.
Let's examine hybrid-type HL with n ¼ 2. If the 2nd order consists of LD only (Fig. 2b-I), then its overall effective CTE, a*2 , is equal
to the CTE of LD in the axial direction (y-direction in the current
case), which can be simply expressed as a*2 ¼ a*1y . This shows that

a*2 is not dependent on any changes in geometry at the 2nd order,
such that q2 and t2 =l2 have no inﬂuence on the effective CTE of the
overall hybrid-type HL. However, any geometric changes at the ﬁrst
order, such as the skew angle, will affect not only a*1y but also the
CTE of the overall hybrid-type HL, i.e. a*2 . With respect to elastic
stiffness for hybrid-type HL, the normalized effective Young's
modulus E2* =E1* of the 2nd order, which is mainly a function of unit
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cell topology, nodal connectivity, cell wall angle, and relative density, r*2 =r*1 , can be expressed through the wall thickness ratio, t2 =l2
as:

 q
E2*
t2
¼
k
2
l2
E1*

(10)

k2 is a function of the cell topology adopted at the 2nd order of
hybrid-type HL; q depends on the cell wall deformation mode of
the 2nd order - stretching or bending - and can assume values that
depend on the scaling condition applied to the cell wall crosssection [33e35]. If E1* is given, the stiffness of the 2nd order is
merely a function of the geometry at the 2nd order and any geometric change at this order will not inﬂuence the overall CTE of
hybrid-type HL.
The thermal and mechanical 2D isotropic behaviour of the
hybrid-type HL in Fig. 2b derives from the shape of the unit cell, in
this case a triangle. The relevant properties of hybrid-type HL at n ¼
1 are given in Eqs. (1), (2) and (4), and the mechanical properties at
n ¼ 2 (q2 ¼ 60 ) in Eqs. (11) and (12). Since the CTE of the last order
hybrid-type HL, a*2 , is equivalent to that of the preceding order, in
this example the CTE of LD, or HD for the high-CTE case, the thermomechanical properties of hybrid-type HL are given by:

pﬃﬃﬃ t
r*2
¼2 3 2
*
l2
r1

(11)

pﬃﬃﬃ
E2*
2 3 t2
¼
*
3 l2
E1y

(12)

a*2 ¼ a*1y

(13)

To demonstrate CTE tuning that brings no change in the elastic
properties of hybrid-type HL, we seek in its ﬁrst order a set of pairs
for the skew angle q1 and t1 =l1 that can satisfy the condition of
* . This can be achieved by rearranging Eq. (4) to ﬁnd the
constant E1y
* that is governed by t =l and q , and whose soexpression of E1y
1 1
1

lution provides CTE values at the ﬁrst order, a*1 , that change with
* unaltered. This strategy preserves the
the skew angle but leave E1y

Young's moduli in the second order and allows CTE tuning in the
ﬁrst order. Furthermore, this scheme enables to construct hybridtype HL with tunable stiffness via changing wall thickness at the
second order, t2 =l2 , while keeping the overall CTE a*2 constant,
hence allowing thermo-elastic decoupling.
The explanation given above is of course demonstrative for
hybrid-type HL of 2 orders. If n > 2 and hybrid-type HL has the
triangle at the last (nth) order, the scheme still holds and enables to
decouple CTE from elastic stiffness. In this case, the ﬁrst order to the
ðn  1Þth order are made of low-CTE fractal-like HL; and the relative
density and thermo-elastic properties of the highest order can be
expressed using Eqs. (11)e(13) by simply replacing 2nd order terms
with nth order terms and 1st order with ðn  1Þth order. The effective
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*
properties r*n1 , En1
, and a*n1 in those general equations can be
calculated through Eqs. (7)e(9), respectively.

2.2. Experimental validation
Three sets of experimental validation (Figs. 3e5) for the prediction models presented earlier are performed on laser cut prototypes of hierarchical lattices. Given the scheme presented here is
material selection free, a representative pair of materials is chosen
to fabricate the samples: Teﬂon® Polytetraﬂuoroethylene (PTFE,
DuPont, USA), and acrylic plastic (Polymethyl Methacrylate
(PMMA), Reynolds Polymer, Indonesia) (materials properties in
Table 1). Nevertheless, the experimental validation here provided
can be applied to lattices made of any pair of solids including
metals, such as Al6061 and Ti-6Al-4V, and for hierarchical orders
above 2. The ﬁrst set of experiments aims at validating the fractallike HL model that can predict CTE values and its tunability (Eq. (9)),
where the low-CTE of a representative lattice is tested in the ydirection. The second set is designed to measure CTE tunability for
hybrid-type HL with n ¼ 2 (Eqs. (4) and (13)), and the third to
demonstrate thermo-elastic properties decoupling (Eqs. (4) and
(13)).
Sheets of 1.59 mm thickness of each material were laser cut
(TROTEC Laser GmbH, Austria) to build 2nd order fractal-like and
hybrid-type HL. Laser cutter was calibrated to provide planar deviations within ±0.05 mm. Bar elements were individually
embedded to diamond-shaped cells and epoxy glue (Gel Epoxy
Syringe Glue, LePage) was applied to provide adherence between
materials. The epoxy glue thickness was about 0.1 mm, 2% of the
typical length of a lattice element; the epoxy CTE (65  106/ C)
was similar to the CTE of acrylic, thus providing negligible inﬂuence
on the CTE measurements of HL samples.
A 3D digital image correlation (DIC) set-up with a temperature
controlled heating chamber (See Supplementary Material D for
details) was assembled and used to assess the CTE of each set of
HLs. In total, 3 sets of DIC experiments were undertaken for a total
of 9 tests, 3 for each set. In the ﬁrst group (Fig. 3), DIC was applied to
solid bars of acrylic and 2 fractal-like HLs, one with 1 order of hierarchy and the other with n ¼ 2. The skew angle (q ¼ 60 ) as well
as the wall thickness ratio (about t=l ¼ 0:1) of the fractal-like HL
were kept identical. The joints were shaped in hexagons to preserve
strut connectivity (six) at each node. The second set (Fig. 4) features
DIC results for 2nd order hybrid-type HL samples with varying skew
angles (55 , 60 and 65 ) and hexagonal nodes of dimensions
identical to those of the ﬁrst set. To prove CTE tunability of hybrid* , the geometry of the
type HL for constant Young's modulus, Ey1
three hybrid-type HL samples was kept identical with the exception
of their skew angles, q1 , and wall thickness, t1 , in the ﬁrst order. The
last set of samples in Fig. 5, second order hybrid-type HL, were built
with varying strut thickness to assess the impact of t2 =l2 on their
effective CTE. Here the geometric parameters of all samples were
kept identical except the thickness ratio of the second order (n ¼ 2)
chosen as the only variable. The number of LD along the thickness
direction varied from M ¼ 1 to M ¼ 3 as shown in Fig. 5a, b, and c.

Table 1
Predicted and experimentally measured CTE values (10-6/ C) for solid materials.
Material
Acrylic (Low CTE component)
Teﬂon® PTFE (High CTE component)
Al6061

Measured CTE (DIC)

Measured
CTE (TMA Q400)

CTE provided
by the supplier

Difference (%)

Young’s
Modulus (GPa)

Density (g/cm3)

67.0 ± 0.5
123.0 ± 0.9
22.6 ± 0.4

e
e
23.0

69.0
120.0
e

2.9%
2.5%
1.7%

3.2
0.475
-

1.2
2.2
-
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Fig. 3. Thermal experiment of fractal-like HL with: n ¼ 0 (a); n ¼ 1 (b); and n ¼ 2 (c), and thermal deformation ﬁeld shown in column (III) for x-direction and column (IV) for ydirection. To perform DIC, black and white speckles were applied randomly and uniformly across the nodes to each hybrid-type and fractal-like HL samples, for thermal
displacement measurements. Columns (I) and (II) illustrate respectively initial conﬁgurations for designed and fabricated samples. Obtained CTE values along with theoretical and
simulated values are summarized along their corresponding columns. Computational values are obtained via asymptotic homogenization.

All samples were tested ﬁve times through the thermal cycle to
ensure test repeatability, and on each occasion the thermal
displacement was measured to provide statistical context to the
results.
Testing temperature was monitored and managed from 25  C to
75  C through a PID (proportion-integration-differentiation)
controller (CN7800, Omega, US). DIC system calibration ensured an
epipolar projection error below 0.01 pixels, i.e. the average
error between the position where a target point was found in the
image and the theoretical position where the mathematical calibration model located the point. A CCD (charge coupled device)
camera (PointGrey, Canada) was used to focus on an area of 240 
200 mm2 with a resolution of 2448  2048 pixels; based on the
image resolution, any deformation smaller than 0.98 mm (0.01
pixels) was merged by the epipolar projection error. Finally the
accuracy of the whole testing system was veriﬁed with measures

taken from a commercial thermomechanical analyzer, TMA Q400
(TA Instr., US).

3. Results
3.1. System calibration
The testing system was calibrated on three solid materials,
Al6061, acrylic and PTFE. Table 1 shows a comparison of their
measured and predicted mean CTE along with their standard deviations, with errors below 3%. The epipolar projection error is at
0.98 mm, which governs the smallest measured CTE value of the
samples, i.e. 0.27  106/ C. The low magnitude of these errors
warrants the required accuracy for the DIC system used in this
work.
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Fig. 4. Thermal experiment of hybrid-type HL with skew angles of 55 (a), 60 (b), and 65 (c) and thermal deformation ﬁeld shown in column (III) for x-direction and column (IV)
for y-direction. Columns (I) and (II) illustrate respectively initial conﬁgurations for designed and fabricated samples. Obtained CTE values along with theoretical and simulated
values are summarized along their corresponding columns. Computational values are obtained via asymptotic homogenization.

3.2. Testing results
Fig. 3a-III and IV show thermal deformation maps for the solid
material, acrylic, in both x- and y-directions, respectively. The
tested CTE is observed isotropically in all directions in the 2D plane.
While their thermal deformation is shown in Figs. 3e5-III and IV in
both x- and y-directions, mean CTE from testing are summarized in
Table 2, along with their standard deviation and CTE predictions.
The error associated with testing results only go as high as 5%, and
the difference between tests and the computational values obtained via asymptotic homogenization (AH) (see Supplementary
Material E) are generally within 10% error, with the exception of
fractal-like HL (n ¼ 2) sample, where the ampliﬁed low-CTE
behaviour also ampliﬁes the deviation between both results.
Fig. 3b-IV illustrates that LD (Fig. 3b-I, n ¼ 1 with q ¼ 60 )
without structural hierarchy can reduce the CTE along the y-direction from 67.0  106/ C (n ¼ 0, i.e. the component material,
acrylic, as shown in Fig. 3a-I) to 60.3  106/ C. However, for
increasing hierarchical order, fractal-like HL (Fig. 3c-I, n ¼ 2) can
further reduce the effective CTE in the y-direction to 29.2  106/ C,
result obtained with no change in material selection nor skew
angle. By adding hierarchical orders from n ¼ 1 to n ¼ 2, fractal-like
HL shows a CTE tunability up to 31.1  106/ C. Fig. 4-III and IV
show for hybrid-type HL the decrease of the effective CTE from
56.4  106/ C (q1 ¼ 65 ) to 49.6  106/ C (q1 ¼ 55 ), which
emphasizes a much smaller CTE tunability (6.8  106/ C) in

comparison with adding hierarchical orders (31.1  106/ C). The
combination of varying skew angles and adding hierarchical orders
appears to be proﬁcient in tuning the effective CTE. For the last set
of specimens, however, the effective stiffness relative to a hybridtype HL with M ¼ 1 is expected to double for M ¼ 2 and triple for
M ¼ 3; the overall effective CTE displays a tendency of remaining
constant around 53  106/ C. These results experimentally show
that thermo-elastic properties can be decoupled in hybrid-type HL,
as explained in more detail in the following section.
3.3. Model predictions
Fig. 6a illustrates the CTE values for low- and high-CTE fractallike HL in the y-direction as a function of hierarchical order. Each of
the plotted lines, obtained from Eq. (9), represents CTE values for a
given skew angle, q, and starts from n ¼ 0, solid materials, through
n ¼ 1, the HD and LD, followed by fractal-like HLs with increasing
hierarchical order n  2. We recall that these predictions represent
discrete values of CTE, each obtained for a given n, although the
trends are shown as continuous to ease their interpretation within
each ﬁgure. Assuming the CTE of PTFE and acrylic as the high and
low CTE values, respectively, we observe that as the order increases
from 0 to 1, the effective CTE of HD is higher than that of PTFE,
whereas the CTE of the LD is lower than that of acrylic. The gap
between these two CTE spectra, i.e. LD and HD, taking q ¼ 60 as an
example, enlarges from 56  106/ C (initial gap between solid
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Fig. 5. Thermal experiment of hybrid-type HL with wall layers of M ¼ 1 (a); M ¼ 2 (b); and M ¼ 3 (c) and thermal deformation ﬁeld shown in column (III) for x-direction and column
(IV) for y-direction. Columns (I) and (II) illustrate respectively initial conﬁgurations for designed and fabricated samples. Obtained CTE values along with theoretical and simulated
values are summarized along their corresponding columns. Computational values are obtained via asymptotic homogenization.

materials) to 93  106/ C, meaning an increase of 165% in DCTE. As
the order changes from 1 to 2, the gap increases even more drastically to 154.7  106/ C (275% of the initial gap) and larger once
more from order 2 to 3, reaching 257.3  106/ C (460% of the initial
gap). CTE tunability (DCTE) increases with the order of hierarchy, so
as to theoretically approach an unbounded value for unlimited n.
We also note the shaded region in Fig. 6a, where the lattice
collapses to a by-layer laminate. This concept can cover CTE values
between the CTEs of the constituent solids by changing their layer
thickness ratio. Furthermore, Fig. 6b illustrates structural efﬁciency
- a metric expressed here as the ratio of the speciﬁc stiffness of the
lattice to that of the solid materials - in the y-direction of low- and
high-CTE fractal-like HL versus hierarchical order. For

normalization purposes, solid acrylic (blue in ﬁgure) is considered
as benchmark with 100% structural efﬁciency. With the increase of
hierarchical order, the structural efﬁciency of fractal-like HL decreases. This is expected as stretch dominated lattices become more
compliant with higher order of hierarchy, but nevertheless this
drop is less than that of bend dominated lattices [29]. Another
insight that we gain from Fig. 6a and b is that the thermo-elastic
properties of fractal-like HL are coupled, and CTE changes as
structural efﬁciency does. How to avoid this coupling is shown
below where results obtained from models described in Section 2
are presented.
Fig. 6c and d shows the predicted CTE and structural efﬁciency
for hybrid-type HL as a function of the hierarchical order and the

Table 2
Predicted and experimentally measured CTE values for fractal-like and hybrid-type HL (sx and sy indicate standard deviation).
Sample

Fractal-like HL (n¼1)
Fractal-like HL (n¼2)
Hybrid-type HL (55 , M¼2)
Hybrid-type HL (60 , M¼2)
Hybrid-type HL (65 , M¼2)
Hybrid-type HL (60 , M¼1)
Hybrid-type HL (60 , M¼2)
Hybrid-type HL (60 , M¼3)

Predicted CTE (Beam Theory, 10-6/ C)

Measured CTE (10-6/ C)

Error

x

y

x ±sx

y ±sy

x

y

115.0
138.7

62.0
20.8

115.2 ± 0.3
125.5 ± 1.3

60.3 ±2.4
29.2 ±0.9

0.2%
10.5%

2.8%
28.8%

43.4
49.4
55.0
50.3
50.3
50.3

49.6
52.1
56.4
53.1
52.7
52.7

±
±
±
±
±
±

1.3
0.6
2.9
1.3
1.6
1.6

12.5%
5.2%
2.5%
5.3%
4.2%
4.2%
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Fig. 6. CTE (a) and structural efﬁciency (b) of fractal-like HL in the y-direction as a function of n, the number of hierarchical order; CTE (c) and structural efﬁciency (d) of hybrid-type
HL in the y-direction, respectively, with respect to n. Lines of given skew angle are visualized for hybrid-type HL and fractal-like HL, and shaded regions (green) in (a) and (c) are
depicted to represent by-layer laminates of solid materials (q ¼ 0). CTE trends shown as continuous connect discrete values calculated via the models presented in Section 2. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

skew angle, q1 , in the range 50  70 , which is representatively
chosen here to visualize the effect of varying skewness. In Fig. 6c,
the ﬁrst order (n ¼ 1) allows some degree of CTE tailoring with a
gap increase between the low and high CTE spectra from 56  106/
 C to 93  106/ C. With the addition of the second order (n ¼ 2),
this time hybrid-type HL, as opposed to fractal-like HL, allows
stiffness modulation without thermal expansion variation. Hence
CTE remains insensitive, i.e. DCTE between the ﬁrst two orders is
constant, despite a drop of structural efﬁciency.
The trends shown in Fig. 6c and d between n ¼ 1 and n ¼ 2 are
now used as an example to show how hybrid-type HL can be
effective in decoupling thermal and mechanical properties. To do
so, we ﬁrst show that CTE and Young's modulus for LD are inherently coupled and hence no independent tuning is possible. This is
shown in Fig. 7a and b where Eqs. (1)e(5) are plotted in dash style
along with results obtained from AH (continuous style), here
included to provide a further element of validation to the analytic
models presented therein. Fig. 7a shows that for prescribed t1 =l1 , a
reduction of the skew angle brings a decrease of both the CTE and
Young's modulus in the y-direction. On the other hand, if the skew
angle is given and t1 =l1 varies (Fig. 7b), both the CTE and Young's
modulus in the y-direction show a monotonic increase for rising
relative density. Hence Fig. 7a and b visualize the thermo-elastic
coupling that exists in diamond lattices. In the next step, we
show separate property tuning through hybrid-type HL. Fig. 7c and
d shows results for CTE and Young's modulus obtained from Eqs.
(12) and (13) for hybrid-type HL of two orders (Fig. 2b-I). Also in

this case, results from closed-form expressions are reported along
with those obtained computationally via AH. Fig. 7c shows that a
changed q1 in the ﬁrst order of hybrid-type HL enables CTE tuning
for both orders, while causing no impact in the Young's modulus, as
shown by its unchanging trend. Likewise in the mechanical spectrum, Fig. 7d shows that the effective Young's modulus can be
varied with relative density with no effect on the CTE. It is the
thickness ratio of the second order, t2 =l2 , that, in this case, is the
variable empowering the Young's modulus modulation for inviolate values of CTE. Fig. 7, thus, gives a visual summary of model
predictions validated through experiments for thermo-elastic
coupling, which appears to have been bypassed with hybrid-type
HL.
4. Discussion
This paper proposes to use LD and HD as building blocks of
fractal-like and hybrid-type HL with the goal of attaining a CTE
range that can be theoretically unbound, and if desired this boost
can be obtained with no penalty in elastic stiffness. Experimental
results with speciﬁcs illustrated in Figs. 3e5, are reported in Fig. 7c
and d and provide validation to the trends obtained via closed-form
expressions presented in Section 2 and numerically via AH.
Thermo-elastic properties of fractal-like HL in Fig. 6 demonstrate
that the addition of only one order of hierarchy enlarges the CTE
tunability by 66%, which is up to ﬁve times higher than what can be
obtained through a change in skew angle. On the other hand,
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Fig. 7. Visualization of properties coupling and decoupling for LD unit and hierarchical lattices. A change in skew angle (a) and relative density (b) in LD affects both thermal (a*x and
* and E* =E* )). On the other hand for hybrid-type HL (c and d), a* and a* of the ﬁrst and the second order, as well as their effective Young's modulus,
a*y ) and elastic properties (Ex* =Es2
y s2
1
2
* ) in (c) or the CTE (a* ) in (d). This is achieved in (c) through changing both the skew angle of the ﬁrst order, q , and t /
are tuned to preserve constant either the Young's modulus (E1y
1
1
2
l1, and in (d) by keeping these parameters constant and varying the relative density of the second order, r*2 =r*s .

hybrid-type HL allows an increase in structural efﬁciency equal to
0.0585 of 20.6% (Fig. 6 at n ¼ 2) with respect to that of fractal-like
HL (0.0485) at the identical order. Validated models of hybridtype HL suggest that concepts with higher orders can offer much
larger CTE tunability than stretch-dominated lattice benchmarks
[18] and superior mechanical performance than baseline concepts
that are bend-dominated [26], in addition to their decoupled,
planar isotropic thermo-elastic properties.
To compare the thermo-elastic performance of fractal-like and
hybrid-type HL (n  5) with the existing ones, in particular LConcept [26] and S-Concept [18], we plot in Fig. 8a bars of their
speciﬁc stiffness, a measure of structural efﬁciency, and of DCTE, the
CTE tunability deﬁned as the maximum range of CTE values a
concept can offer. The magnitude of a given performance metric is
represented by the bar height. All concepts are compared on an
equal basis, as they are generated from the same pair of materials
(PTFE and acrylic). With respect to the (orange) bars of CTE
tunability in Fig. 8a, DCTE is calculated for each concept and for a
given value of Young's modulus, which is representatively considered here as 1 MPa. From the bar rises, we gather that fractal-like
HL dominates with the largest CTE range (534  106/ C),
whereas DCTE for the S-Concept is the smallest (169  106/ C).
DCTE for hybrid-type HL (331.1  106/ C) is as high as that of LConcept (332.6  106/ C), which is claimed to provide unbounded
DCTE. This is quite unique, as the L-Concept relies on benddominated cells, whereas the proposed hybrid-type HL can obtain
a similar result using a much stiffer structure. Similarly with respect
to structural efﬁciency (green bars), Fig. 8a provides a visual comparison of the speciﬁc stiffness of each concept for a representative
CTE value that is here assumed as half the average of the materials'
CTE (47.5  106/ C). From the bars, we observe that fractal-like HL

has the highest speciﬁc stiffness in the y-direction (349.2 KPa  m3/
Kg) followed by hybrid-type HL (116.5 KPa  m3/Kg), both of which
outperform the existing concepts. More speciﬁcally, focusing on
planar isotropic materials, hybrid-type HL provides a 42% increase
in structural efﬁciency compared to the stiff, yet dense, S-Concept
(82 kPa  m3/Kg), while demonstrating twice the speciﬁc stiffness
of the L-Concept (51.7 KPa  m3/Kg).
A more comprehensive comparison of the concepts is illustrated
in Fig. 8b, where CTE tunability is plotted versus speciﬁc stiffness.
The curves are created from a parametric study of the unit cells,
where the skewness angle and the thickness-to-length ratio are the
active variables for given materials. Hybrid-type and fractal-like HL
are compared with L-Concept and S-Concept, the benchmarks.
While both high- and low-CTE cases (Fig. 6) can be plotted, Fig. 8b
displays only the low-CTE concepts which are sufﬁcient to capture
the potential of hierarchical lattices. We recall that, in this low-CTE
case, DCTE is deﬁned by the range between the lowest CTE value of
a given low-CTE concept, at the calculated structural efﬁciency, and
the CTE of the solid material with lower thermal expansion (i.e.
67  106/ C of acrylic).
While S- and L-Concepts show curves that describe the change
of DCTE with structural efﬁciency, hybrid-type and fractal-like HL
are represented by two domains (blue for hybrid-type HL and green
for fractal-like HL). These shaded regions represent the possible set
of curves that are obtained with varying hierarchical orders. For
both cases, the ﬁrst hierarchical order that makes up the concept
(n ¼ 1 for fractal-like HL and n ¼ 2 for hybrid-type HL) provides the
most optimal curve (closest to the top-right corner). The following
hierarchical orders (the second for fractal-like HL, and the third for
hybrid-type HL) provide the least optimal curve, while higher orders lie in between. Higher hierarchical orders are predicted to
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capabilities of current practices. For example, while the concepts
are scale independent and material selection free, increasing the
order of structural hierarchy has to account for the limits that a
given manufacturing process poses [6]. The fabrication of hierarchical structures can be highly time consuming, and to the best of
authors' knowledge, only structures with up to three orders of hierarchy have been physically realized, even recently, such as multimaterial shape memory structures (two orders) [36] and multiscale
metallic metamaterials which feature three orders of hierarchy [6].
Given the fast development of multiple material additive
manufacturing [37,38], we can infer that higher level of hierarchy in
dual material lattices might be achieved in the near future. In
addition, while thermal expansion and stiffness have been here
investigated, other structural properties, such as yield strength and
toughness, might not perform equally well in practice as adding
hierarchy alone reduces strength further due to high stress concentrations that stem at the joints of dissimilar materials [30].
5. Conclusion

Fig. 8. (a) Comparison of proposed and existing bi-material concepts on the basis of (i)
CTE tunability (DCTE ¼ Max CTE e Min CTE) for prescribed stiffness of 1 MPa, visualized as orange bars, and (ii) speciﬁc stiffness (Young's modulus/Density: E=r) for
given CTE (47.5  106/ C), in green. (b) CTE tunability plotted versus structural efﬁciency of existing concepts along with hybrid-type and fractal-like HL for increasing
hierarchical order (n ¼ 1; 2; …). Results are obtained from a parametric study of unit
cell geometry, where the list of possible sets of properties for each concept are sorted
by increasing structural efﬁciency, and then grouped based on a range of similar values
of E=r. The minimum CTE value is selected from each group to calculate DCTE for a
given E=r. This value, the median structural efﬁciency of each group, is plotted as a
point on the graph with the corresponding DCTE value on the ordinate axis. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to
the web version of this article.)

approach the curve of the ﬁrst order (n ¼ 1 for fractal-like HL and
n ¼ 2 for hybrid-type HL) with increasing n.
In general, Fig. 8b shows a Pareto-front for the existing concepts,
thus showing trade-offs between metrics: an attempt of increasing
structural efﬁciency results in a reduced DCTE. This trade-off is not
only inﬂuenced by the relation between geometric parameters and
effective properties, but also by the design requirements. For
example, the L-Concept is the ideal candidate to attain large CTE
tunability, whereas the S-Concept is ideal for structural efﬁciency,
as both are designed for different speciﬁcations. When considering
the concepts presented in this paper, a better overall performance
can be observed compared to the existing baselines. The curves
derived from both fractal-like and hybrid-type HL are offsets of the
L- and S-Concept toward the top right corner on the ﬁgure, where
both high CTE tunability and high structural efﬁciency are achieved; hence their domains show higher potential of hierarchical
lattices to attain better trade-offs between DCTE and E=r.
While the work here presented show promises for planar lattices, the strategy can be applied also to 3D hierarchical concepts.
Nevertheless, their potential should always be confronted with the

In this paper, stretch-dominated bi-material unit cells with lowand high-CTE have been proposed as diamond shaped building
blocks of hierarchical lattices with the goal of improving CTE
tunability and structural performance, as well as allowing separate
tuning of their thermo-elastic properties. Through simulations,
derived closed-form expressions and experiments on fabricated
proof-of-concepts, we have shown that hybrid-type HL architecture
including those made of self-repeating unit cells, i.e. fractal-like HL,
can be tailored to concurrently provide high speciﬁc stiffness and
theoretically unbounded CTE tunability with CTE values ranging
from large positive, zero to large negative. The hallmark of fractallike and hybrid-type HL is that they can reduce the penalty that an
increase in DCTE will generate on the elastic properties, so as to
obtain the best compromise out of them. In addition, their stretchdominated behaviour provides higher speciﬁc stiffness than existing concepts that are bend-dominated. Another beneﬁt of hybridtype HL is that they can be exploited to decouple initially coupled
thermo-elastic properties so as to provide the individual property
tailoring that current concepts have not been proven to attain yet.
The strategy presented in this work can pave the way to the
multifunctional design of bi-material hierarchical lattices with
properties that can be independently tuned and exploited to the
most of their potential. It can thus be extended to potentially
address other conﬂicting properties to ﬁnally generate trade-off
solutions for multifunctional applications, including thermal
expansion control, MEMS, biomedical sensors and space optical
systems.
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